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1. Introduction where I, = [0,7], 2 = (0,1), ys(s,2) = y(t + s, )
for s € [-7,0], and 7 € RT, and p, k, v, Y, and
Y1 are some suitable given functions. Fractional differ-
ential equations (FDEs) have always been an interest-
ing topic among researchers. Numerous application of
FDE:s are very useful in different fields such as, rheology,
viscoelasticity, fluid flow, control theory, food science,
electro-magnetic theory, mathematical modeling of dif-

The primary objective of this article is to establish exis-
tence, uniqueness of strong solution, and approximate so-
lution of a given diffusion equation that incorporates the
R-L fractional integral and with delay integral forcing
function along with nonlocal history condition, initial
conditions(ICs) and boundary conditions (BCs), respec-

tively, fusion process and many real life problems, see [1-6].
Let us review some research papers which deal with this
Ay . 9%y ¢ type of problems. In their work, Bahuguna and Jaiswal
ot +1'y + 92 p(t,y) + / k(t, s, yt)ds, (11 [7] studied a fractional-order partial integro-differential
0 ’ equation, reformulating it as an abstract problem in Ba-
vie (07, Vae, nach space. They applied Rothe’s technique to demon-
strate the existence, uniqueness of a strong solution. In
y(t,z) =9(t,z) on [-7,0) xQ, (1.2) an another study, they used Rothe’s method to solve gen-
Oy eralization of Basset problem [8]. Chaoui and Hallaci
y(0,z) = Yo(z) and ot (0,2) =Yi(z) on Q, [9] studied a second-order fractional diffusion equation
(1.3) of differential Volterra operator. They also demonstrated
y(t,0) =y(t,1) =0 and the existence, uniqueness of a weak solution under frac-

dy __ Oy _ (14)

5 (t,0)=%%(1)=0 on I
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tional integral condition. Dubey [10] applied the method
of lines for a nonlinear functional differential equation
in reflexive Banach space and demonstrated the exis-
tence and uniqueness of a strong solution under non-
local history condition. In a very recent study Ham-
mad et. al. [11] studied many integral equations such
that 2D Volterra, Atangana-Baleanu, Riemann-Liouville
fractional integral equations in double controlled metric
spaces. They obtained the existence, uniqueness of the
solution with the aid of Fixed point technique. Kacar et.
al. [12], established the extension inequalities of Gruss
inequalities for Riemann-Liouville fractional integrals.
Raheem and Bahuguna [13] used method of semidis-
retization to give strong solution of delay differential
equation and thereby establishing the existence, unique-
ness of that solution. The Rothe’s time-discretization
technique was suggested by Rothe in 1930. Being a pow-
erful technique, it can be applied to establish sufficient
conditions for the existence and uniqueness of a solution
of both linear and nonlinear problems. It can also be
used in the construct of algorithms to find numerical so-
lutions. This technique helps to solve various functional
differential equations and some other physical problems,
see references [14-29] and references therein. In our
previous study, we investigated the following delayed
Rayleigh-Love equation to analyze the existence and
uniqueness of its solutions.

&%w 2w *w
oz~ oz T Bozonr

a1

= h(t,w, 86—1:7111,5),

te (0,7], = € Q.

Subject to the conditions given here [30].

This manuscript is structured as follows: The prelimi-
naries and presumptions are given in Section 2. Section
3 provides the a priori estimates and necessary lemmas.
Section 4 addresses the convergence results. Section
5 discusses the existence and uniqueness of a strong
solution to (1.1)-(1.4), along with the continuous de-
pendence of the solution on the given initial data and
error analysis. In Section 6, we present an application to
illustrate the results.

2. Preliminaries and Presumptions

Let X = L?(Q2) be Hilbert space. For each ¢ € I, let
Cy = C(]—7, t]; X) be the Banach space of all continu-
ous functions defined from [—7,¢] to X endowed with
the supremum norm

[€ll:="sup_[l€(s)]-
<s<t

For ¢ € C;, we describe (;(s) = {{(t+s) : s €
[—7,0]}. We define the unknown function y : I, — X,
andthemapp: [, x X = X, k: I, x Chp — Xand
¢ :[-7,0) = X by

yt)(z) = y(t z),
ptyt)(x) = ptyt ),
k(t,y()(x) = kit y(,z)),

Y()(x) = Yt ),

¢ https://doi.org/10.57647/cna.ber2-d739

respectively. Assuming the linear operator A defined as
below

dzy

N 2 .2 d 2 _ _
Da={ye L) : 55 € L*(@), y(0) = y(1) =0},
Ay - Ly

?/*dl,y

where — A is infinitesimal generator of Cy semigroups
of contractions in X and D(.) is the domain of A. Now,
Considering following assumptions:

(H1) p: L x X — X satisfies the given inequality that
3L,>0

[p(t1, y1) = p(ta, u2) < Ly([tr — tof+[lur —uzl])
Vi, to €, Vu,us € X,
(H2) k : I, x Cy — X satisfies the condition

k(1 1) — k(ta, o)<
Li(|t1 — ta] 4|91 — ¥2|lo)

V t1,ty € (O,T], V Y1, € Cy with ||1/} —
#(0)|lo< 7, and Ly, is nondrecreasing function of
7> 0.

(H3) ¢ : [-7,0) — X satisfies a Lipschitz condition,
that is, 3 Ly, > 0 such that

[1(t1) — Y (t2)[|< Ly |t1 — to
Vit ty € [77‘,0).
H4) 1<a<?2.

Now, we rewrite (1.1)-(1.4) as

% +Z%(t) + Ay(t) = p(t,y(1))

; 2.1)
+ [ Kt s)ds y©0) = Y (0)
0

Definition 2.1. Let o,t € R. Suppose thatt > 0 and
1 < a < 2. Then, the R-L fractional integral of function
g(t) of order v is defined as

) = 5 | sta)e—ay-tas,

(a

v = yiall< a + bhy > ly7 I 2.2)

Lemma 2.2. [31] If — A is the infinitesimal generator
of a Cy-semigroup of contractions in X, then A is m-
accretive that is (Av, J*v) > 0 for all v € D4, where
J* is the duality mapping and range of an operator
R(I+~A) =X for~ > 0.
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3. Discretization and a priori estimates

For the rest of this article, we will assume that the as-
sumptions (H 1) — (H4) hold true. Dividing the interval
I, into the n'" partition [t} ,, f] of length h,
where ¢! = ih,,, fori =0,1,2,. nneZ*U{O}
Let yg = Yo()

Att =17, we use L2 scheme to approximate the R-L
fractional integral term

%

1
I~ ——— t— " )y 3.1
P G -

At time ¢t = t7', we replace the equation (2.1) by the
following approximate equation

he
Oyf + ot D Ui+ Ay
I'(l+a) = (3.2)

t
—plt )+ [ KT )ds
0
I and (1) =
Y(t)Vt € [—7,0] and foreveryi = 2,3,...,n, g™, (t)
is defined as

where y' = y(t7', x), 0y;' =

Yty + 1), te[-7,—t7 4],

uk 1+(z 1+t tk: 1)5“27
te[ tlfk?’ tz k— 1]
k=1,2,....i—1.

Uitq (t) =

The existence and uniqueness of the {y} satisfying
(3.2) is a consequence of Lemma (2.2).

Lemma 3.1. Foreachi=1,2,---n, ne€Z",

g7 [I< w, (3.3)

where w > 0 is a constant which does not depend on n
and 1.

Proof: From (3.2) for ¢ = 1, we get

y{z yg)l (hn)a mn n n n
+ + A = t
I T(1 )y1 U1 p(t1s )

¢
+ [ ks s
0

Then,
h1+a

(i v1) + m<y?,y?> + h (AyY, 1)

= (i) + ha(p(t 4)
£y
s [ s st ).
0

By Lemma (2.2), we get

1+«

h n
971+ T [yl

1+ a)
< Mg ll+hallp®s yo)l

i
Ah / Kits.g)as| G4
0

¢ https://doi.org/10.57647/cna.ber2-d739

for ¢ > 2, applying (3.1) in (3.2) and using (3.4), we get

1+«

ha, n
I+ i 74l

1+a)
i—1

§ ||y_7 [[+hn § llp(t} 7y] 1)
+hy, E H/J k
j=1 “0

hite
(st +1) = 1
Therefore,

h1+a

(85, 5;1)ds|| + -

A Z[up )

. / 70|
e 1+ 57 o XN%H (3.5)

Now, consider [|p(t},y7_;)|| and
tn .
| 1 s

Ip(t7, vl < lp(t},uf—q) — p(0,y5)|l
{120, yo) I
Ip(t7,yi— )l < Lplm + lyj—1 — o lll.  (3.6)

e
H/ ]7 7y] 1 dSH
0

A

< | [ s
_/t"n" k(O,s,w(O))dsH
0 i
+H/O k(O,s,w(O))dsH.
< 7[Lg(T +7) + Mg). 3.7

Substitute (3.6) and (3.7) in (4.13), we obtain

ol < r[er+r{Lk<T+r>+wk}+HYOH}

%

h1+a
leyj I
Thus, we get
Iyl < atbh, Z\lyj I (3:8)
where
a = 7[rLy+T{L(r+7) +wid+Yoll],
— G
I+
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Applying discrete Gronwall’s inequality, we have

b(i —1)h,
exp ((fbf)zn) . 3.9)

I 1< =5
Since th ¢ LAY
1mnce € sequence ———— € —_— 1S conver-
d 1—bh, P\ 1T wn,

gent, ||y?|| is bounded Vn € ZT and Vi = 1,2,.
It has been demonstrated.

Lemma 3.2. Foreachi=1,2,---n, n€Z*,

1
ooy =yl w, (3.10)
n
where w > 0 is a constant which does not depend on n

and 1.

Proof: For ¢ > 2., by subtracting the equation (3.2)
at ¢ — 1 from the equation (3.2) at i, we obtain

1—1

y;' ;y;'n—l Z v iy
n

] 1
+A(y; — yH)
yn _yan n ,n n n
= =+t Y1) — i 1,y s)]
/L 17575;'”71)618
/ (1,5 500 )ds] G.11)
Then,
<y?—y211 " >+ hy e <y?—y211
he U TV T AN B,

Y=y ) AW = i)l - v
Yit1 — Yio
= (P i)

+<p(17yz 1) (z 1?y1 2) y _yz 1>

+ k zvsyz 1)d8
0

0,
7\/ k(t?—lasagzﬂ—Q)d’S,y;’n 7y;'n—1>
0
i—1
n n n
1—|—a <Zyg j;yjayi _y¢71>~

By mean of Lemma (2.2), we get

hlta 1
1 ni)f n_mn
( + F(]. -|—Oé) hn ||yz yz—lH

1
< hfl\ylil — Yol Pt yisy) — P, vl
n

&

i

k(t?, s,y 1)ds

0
e,
- [ g
0
B

+m\|yi—1”-

¢ https://doi.org/10.57647/cna.ber2-d739

Therefore, (1 + F(li;)) > 1.
Then

1
thy? =yl
n

[e3%

IN

1
*Hyﬁl - y?72||+ﬁ”yz ol

+||p 7yz 1) = (i1, yiso) ||

—I—H/ k(t?, s, gl 1)ds

—/ k(@ 1, 8,98 5 dsH
0

Therefore, forv = 2,3...,n, we get

*Ilyz — il

IN

(tj—lvy?—2)“

1
i - yo||+2[||p i)

+H/ (¢ J’SyJ 1)ds
_/O k(715,57 dsm
+F(1h_%a)§lly?ll- (3.12)

By putting ¢ = 1 in (3.2), we obtain

y? — yg (hn>a
hn I'l+a)

e
= Pyl + / k(E2, 5, 1(0))ds
0

Y1 + Ayt

By using Lemma (2.2), we obtain

hlta 1
1 n )7 n__ ,n
(1 Ty ot = w6

7
< ot [ R vnds

[

h
n n A n
ey 196 11435

Since, (1 + F(ljra)) >1

Hence,
1 n n
Ellylfyol\
ty
< ol [ R vnds
A
1—\(1+ ) yO yo
< 7(Lp+ 7Ly + Lyr)
TO(
I 7) Yol +lAY,l. (3.13
H(Io+ g ey Vol HI4Y6) 313
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By (3.12) and (3.13), we have

*Ilyz =y

IN

7(Ly+ 7Ly + Lir) + (Ly +r( >)|| Yo
%
HIAYI S (et 7-) = p(t—1. o)

+H/ k(5,57 )ds

_/ B, 5, dsH]

0

L (3.14)
I'l+a) et J '

Using Lemma 3.1, we have

1
. lyi — iyl
n

IN

TOt
7(Ly+ 7L + Lir) + (Ly + T a)>||YO||

Y
AYp||[+=——— vy
HAYol+ 57 +a)+jz_;[||p<wyj1>

¢
gl [

o
—/0 k(tzlhs,ﬂ?,g)dsm. (3.15)

(t;L7 S>g?71)ds

Now consider, [|p(t7,y}_1) — p(;‘ 1 Y}o)| and
Hfotf k(t?, s, 97 4 ds—fof VE(tT s, gj?_z)dsH.

Ip(t7, yi—1) — p(t_1,yj—o)|l
L[|t} — 71|+ lyj—1 — yi—2ll]

1
Lphy[1 + }THZJ;‘LA -yl (3.16)

IN

IN

"
H/] k(t}, s, 7j_q1)ds
0

7y )
_/ K705, 570 )ds
0
< 2TLg(hy+ 1)+ hy(rLg + wy). (3.17)

¢ https://doi.org/10.57647/cna.ber2-d739

By (3.15), (3.16) and (3.17), we obtain

1
hf\ly? =yl
" «

7(Ly+ 7Ly + Lyr) + (Ly + T

.
Y.
o) Yol

IN

TYW

I'l+a)
D M AN |
7=2 "

+27’Lk(hn + ’I“) + hn(TLk + wk)]

+[|AYo|l+

IN

[37’([/1, + 7Lk + Lgr + 7Lgr + wg)

)Yl 1A%+ =]

(2o + I+ a)

F(1+ «)
+Lphy, E hfuyjq - yj72||'
j=1""
Thus, we have

1 n
o v =i 1H<a+bhz Hyj yi-al);

j=1
(3.18)
where
a = 37(L,+ 7Ly + Lyr + 7Lyr + wy)
(e T()tw
(L + pr ) IVl AYol 4
and b = L, By Gronwall’s inequality, we ob-
. n n a b(i—1)hy,
win gl - pralS g exp (M),

Due to the converges nature of sequence

a LPT 1 n n :
1— Lyhn €xp (1 —Lphn>’ . lvi" — wyitall s
bounded V
n € ZT andforalli = 1,2,...,n. It has been demon-
strated.

4. Convergence
Defining the sequences {Y"(¢)} and {X"(¢)} by

yo;t = 01,
Y"(t) = yitat g ( =t )W —yity) 4D
te (t? lﬂt?]v

Snon ) oyg, at t=0,
X (t) - { y?’ lf t c (tn tn (42)

i—17 1 ]
Defining a sequence of step function Z® X" (t)
0, at t=0,
X"t =4 . 4.3)
F(lia) Z;:l yjn’ if te (t? z’t?]v

Remark 4.1. 11 is clear from Lemmas 3.1 and 3.2 that
the function Y™ (t) is uniformly Lipschitz continuous on
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the interval (0,7] and that Y™ (t) — X"(t) — 0in X
asn — oo on (0, 7]. Additionally, the sequences Y™ (t)
and X™(t) are uniformly bounded in X.

Lemma 4.2. ||[Z¢X"(t) — Z¢X"(t)||= 0 as n — oo
uniformly on (0, 7.

Proof: For a given t, there exists a ¢ such that ¢ €
(tiz1,ti)-
HT’X"( ) =X ()|

— Hztn n an
tht”

< D B e
j=1 j=1
2 ~1
< ——hy " tw—0 as n — oo.
()

Hence proved. For ¢t € (¢} ,,t7], 1 < i < n, define
P"(t) as

P"(t) = p( Y1) / k(tj,s,0;_1)ds, (4.4)
then (3.2) can be rewrite as

YT (1) + I X"(t) + AX" ()
= P"(t), te(0,7],

4.5)
d- L
where — denotes the left hand derivative in (0, 7]. For

€ (0, 7], we get
Yot 4;g(f@Xn@y+AXn@»ds

(4.6)
=Yy + [} P"(s)ds.

Lemma 4.3. There exists y € C(I-; L*()) such that
Y™(t) — y(t) uniformly on 1,. y(t) is differentiable
almost everywhere on 1. as well.

Proof: Consider ¢ € (t]-,,t7] and ¢ €
(técfhtéc]a tZL S t;w 1
from (4.5), we have

d}_/n le v vl
(& @ X0-X0)
HAX™M(t) - X'(1), X™(t) — X'(1))
!

IN
IN
S
—
IN 5%
o
A
—
=
@
=

B
d n \/ Y \/ 1
(SO =¥, X)) - (1)
+71(t) - X'(1))
5 I PP, (4.8)

2dt

¢ https://doi.org/10.57647/cna.ber2-d739

and

F(1+a) — ’
ihe . B . )
“Tl+a) (X™(t) — X'(t), X" (t) — X'(t))
kh iho .

~ g YOO8
kha—’ihz - v v
*ﬁ (X'(), X' (1) = X"(1)).

4.9)

Substituting (4.8) and (4.9) into (4.7), we obtain

thy

T(1+a)

+2AX" (1) = X7(1), X"(1) - X" (1))
d -

= 2( (V" = V1), 7(t) - X" (1)

+XU(t) - ¥ (t)>

KR =R | oy o
T o) X O.X(0) - X"(0)

+2(P™(t) — P'(t), X" (t) — X'(1)).

d o ,
— Y Y X"t - X))
L VP4 s IXm 0 - X" @)l

Using Lemma (2.2), we get

d N L2
@IY - Y
d Var) \/ N n

§2<%(Y Y, Y () — X
+XU) — Yl(t)>

khe — GRS o1 o _

m (XH(t), X™(t) — X'(1))
+2(P™(t) — P'(t), X" (t) — X'(t)). (4.10)

Fort € (7t andt € (¢, |, #],1 < i < n,
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1<k <I,t* <t we consider
|1P"(t) — P'(t)]|

¢
= [ptereamy+ [ ez s s - pith, )
0
t
—/ k(tﬁws,gji)dSH
0

< ez o)~ plebs | [ bt

th

- [ ks itas]

0
< Lyt = thl+lyiy — vk
L[ = 1 = G lo]
(th, = B Lallt 111 — ¥ (0) o]
+(t), — t1)wr
< Ly[(1+w) (o + ha) + [V (8) = V(1)
(i + W) [T Li(1 + L)
+Li(hy + 1) + wi]. 4.11)

d T \/ var) Y
(S (" =770 - X"()

+X(1) = V(1))

< (| |+ 1% 1) (0 - ot
HIX' W) - Tl
< 2w(hy + ), (4.12)
R o). X - 570
< m 2C?, (4.13)

and

X7 () = X (O)[|< wlhn + b)) + Y™ () = V().
(4.14)

Therefore, by (4.10), we obtain

d - _
%HY" — Y'Y ?< 2w(hy + By) (B + i +2)
X[Lp(l + w) + TLk(l + Ly + L(hn +7)+ wk]
kh$ — ih¢
F(1—|— a)
H2L, ||V (t) = V()|

2w? + dw(hy, + M) Ly + 1]

Y™ -Y'OI* < v

4L /HY" (s)[[2ds,

¢ https://doi.org/10.57647/cna.ber2-d739

where

Ui = 2wt (hy + hg)(hn + R +2)[Lp(1 4+ w)
+7Lg(1+ Ly + L(hy, + 1) 4+ wi]
+4wt (hn + hl)[Lp + 1]
khg — ihe

2 2
T(1ta) 7%

and v,,; — 0 as n,! — 0. Using Gronwall’s inequality,
we have

Y™ (t) = YH(1)|]? < vperrt < vyel»™ forallt € 1,.
4.15)

Thus, {Y™(¢)} is cauchy sequences in C(L,; L*(Q)).
Therefore, we gety € C(I,; L?(£2)) such that Y™ (¢) —
y(t) uniformly on L. Since ||[Y"(t) — Y"(s)||< |t —
s|. Hence y(t) is Lipschitz continuous functions on I.

Thus, ‘fft’ € L*(I,; L*(12)). Hence proved.

Lemma 4.4. There exists a subsequence {X"™} of
{X"} such that T°X™ — TI% in L*(I,,X), as
n — oo.

Proof: By above lemma Z®X"(t) is uniformly
bounded in L*(I,,X), there exist a subsequence
Z* X" (t) and a function ¢ € L?(I,, X) such that

TX™ — ¢ in L*(I,,X).

Define x" : I, — X by

fi tfn'S 75a718
F@/0/**('()(15 )°1ds.

Fort € (0,t}), X™(t) = y}. Hence

(1) = ﬁ / y2(t — 5)*1ds

n t
Y1 / a—1
= t—s ds
) J O
Ui e
rl+a)

Since ¥ is bounded, x"(0) = 0 for every n.
For g* € X*, we can observe

O (1), 9%) = /O (IO X g ds.

Since X — oy in O, X), x"™(t) —

fo )(t — s)*"1ds as k — oo. Letting k — oo,
Wehave

1 t L t

— yst—sa_ds,g*>:/g0s,g*.
(5 [ w9 o907
Hence

Hence proved.
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5. Main result and error estimates

This section shows that the function y(¢), derived in
Lemma (4.3), acts as a strong solution to the system
(2.1) over the interval ... Furthermore, we examine
how the solution y continuously depends on the initial
condition Yj and the function f and error estimation.

Theorem 5.1. Under the assumptions (HI)-(H4), the
system (2.1) has a unique strong solution y(t) on ;.

Proof: Assuming the functions y(t), derived in
Lemma (4.3). Lett € (t? ,,t7], i =1,2,...,n, n €
Z*. Since

X" —y@)l < [IX"@) - Y@
+ V() —y@)
< why + HYn(t) - y(t)H,

Thus, X" (t) — y(t) uniformly on L. Hence, || X" (t)||
is bounded uniformly on I-.
For t € (t}'_,t], we obtain

i—17%1

Hp”(t) —p(ty(t) — /Ot k(t, s, y¢)
s [ it

—p(t,y(t /k‘tsytdsH
< Lp(|t = 3 [+l —y@I) + TLe (|t — £
+11i1 = wello)

ty
+/|Wﬂ&%ﬂ®”
t

< Lyplha (1 +w) + Y7 () = y(1)]]
+h,(27Ly + 7Lk (w + L¢) + Lgr + wy).

Thus, we determine that P"(t) — p(t,y(t)) +
fo (t,s yt as n — oo uniformly on [.. By Lemma

(3.2) H "|| is bounded uniformly on I.. Hence,
|AX™ (¢t )|| is bounded uniformly on I..
By (4.6), for every w € X, we get

t
| @xns) + A% (s),w)ds = (o)
0
- ¢
SUMORCR W EE)
+/ k‘(s,x,ys)dx} ds.
0
By bounded convergence theorem, we have
t
| @ ts) + ays).wyds = (¥, w) - (0. w)
0
t s
+/ [p(s,y(s)) + / k(s,x,us)dx] ds. (5.1)
0 0
Since Z*y(t) and Ay(t) are Bochner integrable func-
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tions on I, by (5.1), we obtain

iii +Iy(t) + Ay(t) = p(t,y(1))

—|—/ k(t, s, y:)ds
0
a.e. t €1;,y(0) = Yo,

(5.2)

Hence, the function y is a strong solution of (2.1)).
Suppose that y1, y» are distinct strong solutions of (2.1)).
Assume that y = y; — ys. Then

ﬁ*dQAy@u@a%m+wm

— (p(t, yi(t)) + /Of k(t, s7y1t)d5>

(b2 + [ Kt 5.920)ds)

0

By Lemma (2.2), we have
d,
il M1 < 2yl {Hp(t,yl(t)) —p(ty2(1))]|
t
+H/ k(t,s,y1t)ds —
0

t
/ k(t,sayQt)d‘S‘H
0

Therefore,
d, 2 2
v @17 < [(Lp + LiT) sup|ly()[7]
tel,

Thus,
t 2
1< 20, + Lir) [ (supllo)]) s, te,
0 -

Applying Gronwall’s lemma, ||y (¢)|2= 0V ¢ € I,.
Thus Y1 (t) = yg(t) Vtel,.

We now present a result regarding the continuous depen-
dence of the solution y on the initial condition Yy and
the function f, where f is

t
+/ k(t,s,y:)ds
0

Theorem 5.2. Let y, y1 be different functions of strong
solutions of (2.1) corresponding to (Y, f) and (Zy, f*)
satisfy the all presumptions then the following condition

ly(®) - (OIP<
H%—ZM+AHA®—ﬁﬁW@

holds for allt € I, where

@mzpwmm+lkw&m@,

fon () = p(t, u(t)) —|—/O k(t,s,ut)ds
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Proof: Consider z(t) = y(t) — y1(¢). Then,

dz 1 ¢
+Az(t) = fy(t) — falt)

Using Lemma 2.2, for ¢t € 1, we get

t—s)*ds

%Ilz(t)llgﬁ 201211y (8) = fa @O,
< eI+ = £ O]

Thus,
t
=0 < 10+ [ )Pds
S AIACEFACIES

By applying Gronwall’s inequality, we get

=01 < (l=o)+ / 17,(5) = £, ()]1%ds) .

Lemma 5.3. Foreachi = 1,2,...,n,and n € Z*,
the errors | Y™ (t) — y(t)|| and ||y? — y(t?)|| satisfy the
following bounds
(@) Y™ () —y(t)]| < %for all t € [to, T] and for some
constant Q1 > 0.
(@) |y —y(t?)||< Q—fL, where Qg > 0 is some constant.

Furthermore, ||y — y(t)||< =2 forallt € (t}_,,t7].

Proof: Considering [ — oo (4.15) becomes,

Q1

NG

for each t € [0, 7], foreach n € 7" and for some Q; >
0. Therefore ||Y"(t) — y(t) < % forall t € [to, 7],V
neZt.

Y™ () —y(®)l<

Fort € (" ,,t], i =1,2,...,n, n € ZT, we get
lyiss =y < Nyt =Y " @OIHY" () =y ()]
< whn + Y™ (t) — y (@)
Q1 2wT+Q1
< TR TR
Vis vm

Consequently, by Lemma 3.2, we get

lyi =y < Ny =y I+ vy —y@ll
< wha + Yty —y(@)|l

< 2wt + Q1

< N
Hereof, ly? — ()< 9 vt € [t i =
1,2,...,n, n € Z*, where Qs = 2wt + Q1.

In particular, ||y — y(t) < %
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6. Application
Considering partial differential equation given below

oy %y 15
y y+\f

ot sz T g (MW=
t
ot (1)) + / sin(t, s, yo)ds,
0
€ (0,7], z € (), 6.1)

the history condition
y(t,x) =octant on [—7,0) x (), (6.2)

and the initial conditions

9y
y(0,2) = 2% +1 and E(O,x) (6.3)
=2z on (),

where o, v, T € RT.

Here, p(t,y) = o(t,y), k(t,s,v) = sin(t, s, ),
P(t,r) = vtant, Yo(x) = 22 + 1, and Yy (z) = 2.
Clearly, both functions Y, and Y; belong to L2(£2).

Consider,

4 (t1) — ¥ (t2) | /01 (z/J(tl) - z/J(tg)(a:))2dm

2 |:Sin(t1 — t2>:|2
= V|—
costy costs
’U2|t1—t2|2.

IN

Therefore, we have
[(t1) — P (t)]|< v[tr — tal. (6.4)

Consider,

[p(ts, y1) — p(t2, y2)°

- / (p(t1, 1) — pltz, yo) ()2
- / (1 + 1 () — to — yo(e))?da

1
S 20’2(/ (tl —tQ)QdIE
0

1
+ [ nla) = o))
0
< 20 (Jt1 = to*+ 1 — 1)
Thus,
Pt 1) = pltz,y2) 1< V20 (1t = tal+llys — 12l])-

and

||k(t17 Sa¢1) - k(t2787¢2)”2
= ||Sin(t1787¢1) - Sin(t2787¢2)”2

= ‘/01 [(sin(tl,s,qbl) — sin(to, s,@))(az)rdx‘
</ [0 = tabien — ea@)] e
<2(|ta — ta2+ 61 — 623)
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Therefore,

It 5, 61)=k(t2, 5, 62) 1< V2([tr—t2 1 61—2lo)-

Therefore, if o < % then by Theorem 5.1, the bound-

ary value problem (6.1)-(6.3) admits a unique strong
solution.

7. Conclusion

We introduced a fractional integro-differential equation
with a delay integral function (1.1), along with the corre-
sponding history, initial, and boundary conditions (1.2)-
(1.4). Utilizing the semigroup theory of bounded linear
operators and an appropriate function, we first trans-
formed the problem (1.1)-(1.4) into the system (2.1). We
then applied the L2 scheme to discretize the Riemann-
Liouville fractional integral term and used a semidis-
cretization method to establish certain a priori estimates.
Additionally, we constructed a sequence of functions and
demonstrated that this sequence converges uniformly to
the unique strong solution of (2.1). We also examined
the continuous dependence of the strong solution on the
given initial data. The error estimates confirmed that
our results closely approximate the exact solution. Fi-
nally, we presented an application to illustrate the main
findings.
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