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1. Introduction
The primary objective of this article is to establish exis-
tence, uniqueness of strong solution, and approximate so-
lution of a given diffusion equation that incorporates the
R-L fractional integral and with delay integral forcing
function along with nonlocal history condition, initial
conditions(ICs) and boundary conditions (BCs), respec-
tively,

∂y

∂t
+ Iαt y +

∂2y

∂x2
= p(t, y) +

∫ t

0

k(t, s, yt)ds,

∀ t ∈ (0, τ ], ∀ x ∈ Ω,

(1.1)

y(t, x) = ψ(t, x) on [−τ, 0)× Ω, (1.2)

y(0, x) = Y0(x) and
∂y

∂t
(0, x) = Y1(x) on Ω,

(1.3)
y(t, 0) = y(t, 1) = 0 and
∂y
∂t (t, 0) =

∂y
∂t (t, 1) = 0 on Iτ ,

(1.4)

where Iτ = [0, τ ], Ω = (0, 1), yt(s, x) = y(t+ s, x)
for s ∈ [−τ, 0], and τ ∈ R+, and p, k, ψ, Y0 and
Y1 are some suitable given functions. Fractional differ-
ential equations (FDEs) have always been an interest-
ing topic among researchers. Numerous application of
FDEs are very useful in different fields such as, rheology,
viscoelasticity, fluid flow, control theory, food science,
electro-magnetic theory, mathematical modeling of dif-
fusion process and many real life problems, see [1–6].
Let us review some research papers which deal with this
type of problems. In their work, Bahuguna and Jaiswal
[7] studied a fractional-order partial integro-differential
equation, reformulating it as an abstract problem in Ba-
nach space. They applied Rothe’s technique to demon-
strate the existence, uniqueness of a strong solution. In
an another study, they used Rothe’s method to solve gen-
eralization of Basset problem [8]. Chaoui and Hallaci
[9] studied a second-order fractional diffusion equation
of differential Volterra operator. They also demonstrated
the existence, uniqueness of a weak solution under frac-
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tional integral condition. Dubey [10] applied the method
of lines for a nonlinear functional differential equation
in reflexive Banach space and demonstrated the exis-
tence and uniqueness of a strong solution under non-
local history condition. In a very recent study Ham-
mad et. al. [11] studied many integral equations such
that 2D Volterra, Atangana-Baleanu, Riemann-Liouville
fractional integral equations in double controlled metric
spaces. They obtained the existence, uniqueness of the
solution with the aid of Fixed point technique. Kacar et.
al. [12], established the extension inequalities of Gruss
inequalities for Riemann-Liouville fractional integrals.
Raheem and Bahuguna [13] used method of semidis-
retization to give strong solution of delay differential
equation and thereby establishing the existence, unique-
ness of that solution. The Rothe’s time-discretization
technique was suggested by Rothe in 1930. Being a pow-
erful technique, it can be applied to establish sufficient
conditions for the existence and uniqueness of a solution
of both linear and nonlinear problems. It can also be
used in the construct of algorithms to find numerical so-
lutions. This technique helps to solve various functional
differential equations and some other physical problems,
see references [14–29] and references therein. In our
previous study, we investigated the following delayed
Rayleigh-Love equation to analyze the existence and
uniqueness of its solutions.

a1
∂2w

∂t2
− a2

∂2w

∂x2
− a3

∂4w

∂x2∂t2
= h

(
t, w,

∂w

∂t
, wt

)
,

t ∈ (0, τ ], x ∈ Ω.

Subject to the conditions given here [30].
This manuscript is structured as follows: The prelimi-

naries and presumptions are given in Section 2. Section
3 provides the a priori estimates and necessary lemmas.
Section 4 addresses the convergence results. Section
5 discusses the existence and uniqueness of a strong
solution to (1.1)-(1.4), along with the continuous de-
pendence of the solution on the given initial data and
error analysis. In Section 6, we present an application to
illustrate the results.

2. Preliminaries and Presumptions

Let X = L2(Ω) be Hilbert space. For each t ∈ Iτ , let
Ct = C([−τ, t];X) be the Banach space of all continu-
ous functions defined from [−τ, t] to X endowed with
the supremum norm

∥ℓ∥t= sup
−τ≤s≤t

∥ℓ(s)∥.

For ℓ ∈ Cτ , we describe ℓt(s) = {ℓ(t + s) : s ∈
[−τ, 0]}. We define the unknown function y : Iτ → X,
and the map p : Iτ × X → X, k : Iτ × C0 → X and
ψ : [−τ, 0) → X by

y(t)(x) = y(t, x),

p(t, y(t))(x) = p(t, y(t, x)),

k(t, y(·))(x) = k(t, y(·, x)),
ψ(t)(x) = ψ(t, x),

respectively. Assuming the linear operator A defined as
below

DA =
{
y ∈ L2(Ω) :

d2y

dx2
∈ L2(Ω), y(0) = y(1) = 0

}
,

Ay =
d2y

dx2
,

where −A is infinitesimal generator of C0 semigroups
of contractions in X and D(.) is the domain of A. Now,
Considering following assumptions:

(H1) p : Iτ × X → X satisfies the given inequality that
∃ Lp > 0

∥p(t1, y1)−p(t2, u2)∥≤ Lp(|t1− t2|+∥u1−u2∥)

∀ t1, t2 ∈ Iτ , ∀ u1, u2 ∈ X.

(H2) k : Iτ × C0 → X satisfies the condition

∥k(t1, ψ1)− k(t2, ψ2)∥≤
Lk(|t1 − t2|+∥ψ1 − ψ2∥0)

∀ t1, t2 ∈ (0, τ ], ∀ ψ1, ψ2 ∈ C0 with ∥ψ −
ϕ(0)∥0≤ r, and Lk is nondrecreasing function of
r > 0.

(H3) ψ : [−τ, 0) → X satisfies a Lipschitz condition,
that is, ∃ Lψ > 0 such that

∥ψ(t1)− ψ(t2)∥≤ Lψ|t1 − t2|

∀ t1, t2 ∈ [−τ, 0).

(H4) 1 < α < 2.

Now, we rewrite (1.1)-(1.4) as

dy

dt
+ Iαy(t) +Ay(t) = p(t, y(t))

+

∫ t

0

k(t, s, yt)ds, y(0) = Y (0).
(2.1)

Definition 2.1. Let α, t ∈ R. Suppose that t > 0 and
1 < α < 2. Then, the R-L fractional integral of function
g(t) of order α is defined as

Iαg(t) =
1

Γ(α)

∫ t

0

g(x)(t− x)α−1dx.

1

hn
∥yni − yni−1∥≤ a+ bhn

i∑
j=1

∥ynj ∥. (2.2)

Lemma 2.2. [31] If −A is the infinitesimal generator
of a C0-semigroup of contractions in X, then A is m-
accretive that is ⟨Av, J∗v⟩ ≥ 0 for all v ∈ DA, where
J∗ is the duality mapping and range of an operator
R(I+ γA) = X for γ > 0.
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3. Discretization and a priori estimates
For the rest of this article, we will assume that the as-
sumptions (H1)− (H4) hold true. Dividing the interval
Iτ into the nth partition [tni−1, t

n
i ] of length hn = τ

n ,
where tni = ihn, for i = 0, 1, 2, . . . , n, n ∈ Z+ ∪ {0}.
Let yn0 = Y0(x)

At t = tni , we use L2 scheme to approximate the R-L
fractional integral term

Iαyni ≈ 1

Γ(1 + α)

i∑
j=1

(tnj − tnj−1)
αynj . (3.1)

At time t = tni , we replace the equation (2.1) by the
following approximate equation

δyni +
hαn

Γ(1 + α)

i∑
j=1

ynj +Ayni

= p(tni , y
n
i−1) +

∫ tni

0

k(tni , s, ỹ
n
i−1)ds

(3.2)

where yni = y(tni , x), δy
n
i =

yni − yni−1

hn
and ỹn0 (t) =

ψ(t) ∀ t ∈ [−τ, 0] and for every i = 2, 3, . . . , n, ỹni−1(t)
is defined as

ỹni−1(t) =


ψ(tni−1 + t), t ∈ [−τ,−tni−1],
unk−1 + (tni−1 + t− tnk−1)δu

n
k ,

t ∈ [−tni−k,−tni−k−1],
k = 1, 2, . . . , i− 1.

The existence and uniqueness of the {ynj } satisfying
(3.2) is a consequence of Lemma (2.2).

Lemma 3.1. For each i = 1, 2, · · ·n, n ∈ Z+,

∥yni ∥≤ ω, (3.3)

where ω > 0 is a constant which does not depend on n
and i.

Proof: From (3.2) for i = 1, we get

yn1 − yn0
hn

+
(hn)

α

Γ(1 + α)
yn1 +Ayn1 = p(tn1 , y

n
0 )

+

∫ tn1

0

k(tn1 , s, ỹ
n
0 )ds.

Then,

⟨yn1 , yn1 ⟩+
h1+αn

Γ(1 + α)

〈
yn1 , y

n
1

〉
+ hn⟨Ayn1 , yn1 ⟩

= ⟨yn0 , yn1 ⟩+ hn

〈
p(tn1 , y

n
0 )

+

∫ tn1

0

k(tn1 , s, ỹ
n
0 )ds, y

n
1

〉
.

By Lemma (2.2), we get

∥yn1 ∥+
h1+αn

Γ(1 + α)
∥yn1 ∥

≤ ∥yn0 ∥+hn∥p(tn1 , yn0 )∥

+hn

∥∥∥∫ tn1

0

k(tn1 , s, ỹ
n
0 )ds

∥∥∥. (3.4)

for i ≥ 2, applying (3.1) in (3.2) and using (3.4), we get

∥yni ∥+
h1+αn

Γ(1 + α)
∥yni ∥

≤ h1+αn

Γ(1 + α)

i−1∑
j=1

∥ynj ∥+hn
i∑

j=1

∥p(tnj , ynj−1)∥

+hn

i∑
j=1

∥∥∥ ∫ tnj

0

k(tnj , s, ỹ
n
j−1)ds

∥∥∥+ ∥yn0 ∥.

(
h1+α
n

Γ(1+α) + 1
)
≥ 1.

Therefore,

∥yni ∥≤ hn

i∑
j=1

[
∥p(tnj , ynj−1)∥

+
∥∥∥∫ tnj

0

k(tnj , s, ỹ
n
j−1)ds

∥∥∥]
+∥yn0 ∥+

h1+αn

Γ(1 + α)

i∑
j=1

∥ynj ∥. (3.5)

Now, consider ∥p(tnj , ynj−1)∥ and∥∥∥ ∫ tnj0 k(tnj , s, ỹ
n
j−1)ds

∥∥∥
∥p(tnj , ynj−1)∥ ≤ ∥p(tnj , unj−1)− p(0, yn0 )∥

+∥p(0, yn0 )∥
∥p(tnj , ynj−1)∥ ≤ Lp[τ + ∥ynj−1 − yn0 ∥]. (3.6)

∥∥∥∫ tnj

0

k(tnj , s, ỹ
n
j−1)ds

∥∥∥
≤

∥∥∥∫ tnj

0

k(tnj , s, ỹ
n
j−1)ds

−
∫ tnj

0

k(0, s, ψ(0))ds
∥∥∥

+
∥∥∥∫ tnj

0

k(0, s, ψ(0))ds
∥∥∥.

≤ τ [Lk(τ + r) +Mk]. (3.7)

Substitute (3.6) and (3.7) in (4.13), we obtain

∥yni ∥ ≤ τ
[
τLp + τ{Lk(τ + r) + ωk}+ ∥Y0∥

]
+

h1+αn

Γ(1 + α)

i∑
j=1

∥ynj ∥.

Thus, we get

∥yni ∥ ≤ a+ bhn

i∑
j=1

∥ynj ∥. (3.8)

where

a = τ
[
τLp + τ{Lk(τ + r) + ωk}+ ∥Y0∥

]
,

b =
hαn

Γ(1 + α)
.
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Applying discrete Gronwall’s inequality, we have

∥yni ∥≤
a

1− bhn
exp

(
b(i− 1)hn
1− bhn

)
. (3.9)

Since the sequence
a

1− bhn
exp

(
bτ

1− bhn

)
is conver-

gent, ∥yni ∥ is bounded ∀ n ∈ Z+ and ∀ i = 1, 2, . . . , n.
It has been demonstrated.

Lemma 3.2. For each i = 1, 2, · · ·n, n ∈ Z+,

1

hn
∥yni − yni−1∥≤ ω, (3.10)

where ω > 0 is a constant which does not depend on n
and i.

Proof: For i ≥ 2,, by subtracting the equation (3.2)
at i− 1 from the equation (3.2) at i, we obtain

yni − yni−1

hn
+

(hn)
α

Γ(1 + α)

i∑
j=1

ynj − (hn)
α

Γ(1 + α)

i−1∑
j=1

ynj

+A(yni − yni−1)

=
yni−1 − yni−2

hn
+ [p(tni , y

n
i−1)− p(tni−1, y

n
i−2)]

+
[ ∫ tni

0

k(tni , s, ỹ
n
i−1)ds

−
∫ tni−1

0

k(tni−1, s, ỹ
n
i−2)ds

]
(3.11)

Then, 〈yni − yni−1

hn
, yni − yni−1

〉
+

h1+αn

Γ(1 + α)

〈yni − yni−1

hn
,

yni − yni−1

〉
+ ⟨A(yni − yni−1), y

n
i − yni−1⟩

=
〈yni−1 − yni−2

hn
, yni − yni−1

〉
+⟨p(tni , yni−1)− p(tni−1, y

n
i−2), y

n
i − yni−1⟩

+
〈∫ tni

0

k(tni , s, ỹ
n
i−1)ds

−
∫ tni−1

0

k(tni−1, s, ỹ
n
i−2)ds, y

n
i − yni−1

〉
+

hαn
Γ(1 + α)

〈 i−2∑
j=1

ynj −
i−1∑
j=1

ynj , y
n
i − yni−1

〉
.

By mean of Lemma (2.2), we get(
1 +

h1+αn

Γ(1 + α)

) 1

hn
∥yni − yni−1∥

≤ 1

hn
∥yni−1 − yni−2∥+∥p(tni , yni−1)− p(tni−1, y

n
i−2)∥

+
∥∥∥∫ tni

0

k(tni , s, ỹ
n
i−1)ds

−
∫ tni−1

0

k(tni−1, s, ỹ
n
i−2)ds

∥∥∥
+

hαn
Γ(1 + α)

∥yni−1∥.

Therefore,
(
1 +

h1+α
n

Γ(1+α)

)
≥ 1.

Then

1

hn
∥yni − yni−1∥

≤ 1

hn
∥yni−1 − yni−2∥+

hαn
Γ(1 + α)

∥yni−1∥

+∥p(tni , yni−1)− p(tni−1, y
n
i−2)∥

+
∥∥∥∫ tni

0

k(tni , s, ỹ
n
i−1)ds

−
∫ tni−1

0

k(tni−1, s, ỹ
n
i−2)ds

∥∥∥.
Therefore, for i = 2, 3 . . . , n, we get

1

hn
∥yni − yni−1∥

≤ 1

hn
∥yn1 − yn0 ∥+

i∑
j=2

[
∥p(tnj , ynj−1)− p(tnj−1, y

n
j−2)∥

+
∥∥∥ ∫ tnj

0

k(tnj , s, ỹ
n
j−1)ds

−
∫ tnj−1

0

k(tnj−1, s, ỹ
n
j−2)ds

∥∥∥]
+

hαn
Γ(1 + α)

i∑
j=1

∥ynj ∥. (3.12)

By putting i = 1 in (3.2), we obtain

yn1 − yn0
hn

+
(hn)

α

Γ(1 + α)
yn1 +Ayn1

= p(tn1 , y
n
0 ) +

∫ tn1

0

k(tn1 , s, ψ(0))ds

By using Lemma (2.2), we obtain(
1 +

h1+αn

Γ(1 + α)

) 1

hn
∥yn1 − yn0 ∥

≤ ∥p(tn1 , yn0 )∥+
∥∥∥∫ tn1

0

k(tn1 , s, ψ(0))ds
∥∥∥

+
hαn

Γ(1 + α)
∥yn0 ∥+∥Ayn0 ∥

Since,
(
1 +

h1+α
n

Γ(1+α)

)
≥ 1

Hence,

1

hn
∥yn1 − yn0 ∥

≤ ∥p(tn1 , yn0 )∥+
∥∥∥∫ tn1

0

k(tn1 , s, ψ(0))ds
∥∥∥

+
hαn

Γ(1 + α)
∥yn0 ∥+∥Ayn0 ∥

≤ τ(Lp + τLk + Lkr)

+
(
Lp +

τα

Γ(1 + α)

)
∥Y0∥+∥AY0∥. (3.13)
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By (3.12) and (3.13), we have

1

hn
∥yni − yni−1∥

≤ τ(Lp + τLk + Lkr) +
(
Lp +

τα

Γ(1 + α)

)
∥Y0∥

+∥AY0∥+
i∑

j=2

[
∥p(tnj , ynj−1)− p(tnj−1, y

n
j−2)∥

+
∥∥∥∫ tnj

0

k(tnj , s, ỹ
n
j−1)ds

−
∫ tnj−1

0

k(tnj−1, s, ỹ
n
j−2)ds

∥∥∥]
+

hαn
Γ(1 + α)

i∑
j=1

∥ynj ∥. (3.14)

Using Lemma 3.1, we have

1

hn
∥yni − yni−1∥

≤ τ(Lp + τLk + Lkr) +
(
Lp +

τα

Γ(1 + α)

)
∥Y0∥

+∥AY0∥+
ταω

Γ(1 + α)
+

i∑
j=2

[
∥p(tnj , ynj−1)

−p(tnj−1, y
n
j−2)∥+

∥∥∥∫ tnj

0

k(tnj , s, ỹ
n
j−1)ds

−
∫ tnj−1

0

k(tnj−1, s, ỹ
n
j−2)ds

∥∥∥]. (3.15)

Now consider, ∥p(tnj , ynj−1)− p(tnj−1, y
n
j−2)∥ and∥∥∥ ∫ tnj0 k(tnj , s, ỹ

n
j−1)ds−

∫ tnj−1

0
k(tnj−1, s, ỹ

n
j−2)ds

∥∥∥.
∥p(tnj , ynj−1)− p(tnj−1, y

n
j−2)∥

≤ Lp[|tnj − tnj−1|+∥ynj−1 − ynj−2∥]

≤ Lphn[1 +
1

hn
∥ynj−1 − ynj−2∥. (3.16)

∥∥∥∫ tnj

0

k(tnj , s, ỹ
n
j−1)ds

−
∫ tnj−1

0

k(tnj−1, s, ỹ
n
j−2)ds

∥∥∥
≤ 2TLk(hn + r) + hn(rLk + ωk). (3.17)

By (3.15), (3.16) and (3.17), we obtain

1

hn
∥yni − yni−1∥

≤ τ(Lp + τLk + Lkr) +
(
Lp +

τα

Γ(1 + α)

)
∥Y0∥

+∥AY0∥+
ταω

Γ(1 + α)

+

i∑
j=2

[
Lphn[1 +

1

hn
∥ynj−1 − ynj−2∥]

+2τLk(hn + r) + hn(rLk + ωk)
]

≤
[
3τ(Lp + τLk + Lkr + τLkr + ωk)

+
(
Lp +

τα

Γ(1 + α)

)
∥Y0∥+∥AY0∥+

ταω

Γ(1 + α)

]
+Lphn

i∑
j=1

1

hn
∥ynj−1 − ynj−2∥.

Thus, we have

1

hn
∥yni − yni−1∥≤ a+ bhn

i∑
j=1

(
1

hn
∥ynj − ynj−1∥),

(3.18)
where

a = 3τ(Lp + τLk + Lkr + τLkr + ωk)

+
(
Lp +

τα

Γ(1 + α)

)
∥Y0∥+∥AY0∥+

ταω

Γ(1 + α)
,

and b = Lp By Gronwall’s inequality, we ob-

tain 1
hn

∥yni − yni−1∥≤ a
1−bhn

exp
(
b(i−1)hn

1−bhn

)
.

Due to the converges nature of sequence
a

1− Lphn
exp

( Lpτ

1− Lphn

)
, 1

hn
∥yni − yni−1∥ is

bounded ∀
n ∈ Z+ and for all i = 1, 2, . . . , n. It has been demon-

strated.

4. Convergence

Defining the sequences {Ȳ n(t)} and {X̄n(t)} by

Ȳ n(t) =


yn0 ; t = 0,
yni−1 +

1
hn

(t− tni−1)(y
n
i − yni−1)

t ∈ (tni−1, t
n
i ],

(4.1)

X̄n(t) =

{
yn0 , at t = 0,
yni , if t ∈ (tni−i, t

n
i ],

(4.2)

Defining a sequence of step function ĪαX̄n(t)

ĪαX̄n(t) =


0, at t = 0,

hα
n

Γ(1+α)

∑i
j=1 y

n
j , if t ∈ (tni−i, t

n
i ],
(4.3)

Remark 4.1. It is clear from Lemmas 3.1 and 3.2 that
the function Ȳ n(t) is uniformly Lipschitz continuous on
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the interval (0, τ ] and that Ȳ n(t) − X̄n(t) → 0 in X
as n→ ∞ on (0, τ ]. Additionally, the sequences Ȳ n(t)
and X̄n(t) are uniformly bounded in X.

Lemma 4.2. ∥ĪαX̄n(t) − IαX̄n(t)∥→ 0 as n → ∞
uniformly on (0, τ ].

Proof: For a given t, there exists a i such that t ∈
(ti−1, ti].

∥ĪαX̄n(t)− IαX̄n(t)∥

=
1

Γ(α)

∥∥∥ i∑
j=1

(tnj − tnj−1)
αynj

−
i∑

j=1

(t− tnj−1)
αynj

∥∥∥
≤ 1

Γ(α)

∥∥∥ i∑
j=1

(hn)
αynj

∥∥∥+
∥∥∥ i∑
j=1

(hn)
αynj

∥∥∥


≤ 2

Γ(α)
hα−1
n τω → 0 as n→ ∞.

Hence proved. For t ∈ (tni−1, t
n
i ], 1 ≤ i ≤ n, define

P̄n(t) as

P̄n(t) = p(tnj , y
n
j−1) +

∫ tnj

0

k(tj , s, ỹ
n
j−1)ds, (4.4)

then (3.2) can be rewrite as

d−Ȳ n

dt (t) + ĪαX̄n(t) +AX̄n(t)
= P̄n(t), t ∈ (0, τ ],

(4.5)

where
d−

dt
denotes the left hand derivative in (0, τ ]. For

t ∈ (0, τ ], we get

Ȳ n(t) +
∫ t
0

(
ĪαX̄n(t) +AX̄n(t)

)
ds

= Y0 +
∫ t
0
P̄n(s)ds.

(4.6)

Lemma 4.3. There exists y ∈ C(Iτ ;L2(Ω)) such that
Ȳ n(t) → y(t) uniformly on Iτ . y(t) is differentiable
almost everywhere on Iτ as well.

Proof: Consider t ∈ (tni−1, t
n
i ] and t ∈

(tlk−1, t
l
k], t

n
i ≤ tlk, 1 ≤ i ≤ n, 1 ≤ k ≤ l. Then,

from (4.5), we have〈dȲ n
dt

− dȲ l

dt
, X̄n(t)− X̄ l(t)

〉
+⟨A(X̄n(t)− X̄ l(t)), X̄n(t)− X̄ l(t)⟩

+
〈
ĪαX̄n(t)− ĪαX̄ l(t), X̄n(t)− X̄ l(t)

〉
= ⟨P̄n(t)− P̄ l(t), X̄n(t)− X̄ l(t)⟩. (4.7)

Now, consider〈 d
dt

(Ȳ n − Ȳ l), X̄n(t)− X̄ l(t)
〉
B

=
〈 d
dt

(Ȳ n − Ȳ l), X̄n(t)− Ȳ n(t)

+Ȳ l(t)− X̄ l(t)
〉

+
1

2

d

dt
∥Ȳ n(t)− Ȳ l(t)∥2, (4.8)

and

〈
ĪαX̄n(t)− ĪαX̄ l(t), X̄n(t)− X̄ l(t)

〉
=

〈
hαn

Γ(1 + α)

i∑
j=1

X̄n(t)

− hαl
Γ(1 + α)

k∑
m=1

X̄ l(t), X̄n(t)− X̄ l(t)

〉
=

ihαn
Γ(1 + α)

⟨X̄n(t)− X̄ l(t), X̄n(t)− X̄ l(t)⟩

−
∣∣∣ khαl
Γ(1 + α)

− ihαn
Γ(1 + α)

∣∣∣⟨X̄ l(t), X̄ l(t)− X̄n(t)⟩,

=
ihαn

Γ(1 + α)
∥X̄n(t)− X̄ l(t)∥2

−
∣∣∣khαl − ihαn
Γ(1 + α)

∣∣∣⟨X̄ l(t), X̄ l(t)− X̄n(t)⟩.

(4.9)

Substituting (4.8) and (4.9) into (4.7), we obtain

d

dt
∥Ȳ n − Ȳ l∥2+ ihαn

Γ(1 + α)
∥X̄n(t)− X̄m(t)∥2

+⟨2A(X̄n(t)− X̄m(t)), X̄n(t)− X̄m(t)⟩

= 2
〈 d
dt

(Ȳ n − Ȳ l), Ȳ n(t)− X̄n(t)

+X̄ l(t)− Ȳ l(t)
〉

+
∣∣∣khαl − ihαn
Γ(1 + α)

∣∣∣⟨X̄ l(t), X̄ l(t)− X̄n(t)⟩

+2⟨P̄n(t)− P̄ l(t), X̄n(t)− X̄ l(t)⟩.

Using Lemma (2.2), we get

d

dt
∥Ȳ n − Ȳ l∥2

≤ 2
〈 d
dt

(Ȳ n − Ȳ l), Ȳ n(t)− X̄n(t)

+X̄ l(t)− Ȳ l(t)
〉

+
∣∣∣khαl − jhαn
Γ(1 + α)

∣∣∣⟨X̄ l(t), X̄n(t)− X̄ l(t)⟩

+2⟨P̄n(t)− P̄ l(t), X̄n(t)− X̄ l(t)⟩. (4.10)

For t ∈ (tni−1, t
n
i ] and t ∈ (tlk−1, t

l
k], 1 ≤ i ≤ n,
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1 ≤ k ≤ l, tni < tlk, we consider

∥P̄n(t)− P̄ l(t)∥

=
∥∥∥p(tni , yni ) + ∫ tni

0

k(tni , s, ỹ
n
i )ds− p(tlk, y

l
k)

−
∫ tlk

0

k(tlk, s, ỹ
l
k)ds

∥∥∥
≤ ∥p(tni , yni )− p(tlk, y

l
k)∥+

∥∥∥∫ tni

0

k(tni , s, ỹ
n
i )ds

−
∫ tlk

0

k(tlk, s, ỹ
l
k)ds

∥∥∥
≤ Lp

[
|tni − tlk|+∥yni−1 − ylk−1∥

]
+τLk

[
|tni − tll|+∥ỹni−1 − ỹlk−1∥0

]
+(tlk − tni )Lk[|tnj |+∥ỹni−1 − ψ(0)∥0]
+(tlk − tni )ωk

≤ Lp[(1 + ω)(hn + hl) + ∥Ȳ n(t)− Ȳ l(t)∥]
+(hn + hl)[τLk(1 + Lψ)

+Lk(hn + r) + ωk]. (4.11)

〈 d
dt

(Ȳ n − Ȳ l), Ȳ n(t)− X̄n(t)

+X̄m(t)− Ȳ l(t)
〉

≤
(∥∥∥dȲ n

dt

∥∥∥+
∥∥∥dȲ l
dt

∥∥∥)(∥Ȳ n(t)− X̄n(t)∥B

+∥X̄ l(t)− Ȳ l(t)∥
)

≤ 2ω(hn + hl), (4.12)

∣∣∣ (khαl − jhαn)

Γ(1 + α)

∣∣∣⟨Z̄l(t), X̄ l(t)− X̄n(t)⟩

≤
∣∣∣khαl − ihαn
Γ(1 + α)

∣∣∣2C2, (4.13)

and

∥X̄n(t)− X̄ l(t)∥≤ ω(hn + hl) + ∥Ȳ n(t)− Ȳ l(t)∥.
(4.14)

Therefore, by (4.10), we obtain

d

dt
∥Ȳ n − Ȳ l∥2≤ 2ω(hn + hl)(hn + hl + 2)

×[Lp(1 + ω) + τLk(1 + Lψ + L(hn + r) + ωk]

+
∣∣∣khαl − ihαn
Γ(1 + α)

∣∣∣2ω2 + 4ω(hn + hl)[Lp + 1]

+2Lp∥Ȳ n(t)− Ȳ l(t)∥2.

∥Ȳ n(t)− Ȳ l(t)∥2 ≤ νnl

+ Lp

∫ t

0

∥Ȳ n(s)− Ȳ l(s)∥2ds,

where

νnl = 2ωτ(hn + hl)(hn + hl + 2)[Lp(1 + ω)

+τLk(1 + Lψ + L(hn + r) + ωk]

+4ωτ(hn + hl)[Lp + 1]

+
∣∣∣khαl − ihαn
Γ(1 + α)

∣∣∣2τω2,

and νnl → 0 as n, l → 0. Using Gronwall’s inequality,
we have

∥Ȳ n(t)− Ȳ l(t)∥2 ≤ νnle
Lpt ≤ νnle

Lpτ for all t ∈ Iτ .
(4.15)

Thus, {Ȳ n(t)} is cauchy sequences in C(Iτ ;L2(Ω)).
Therefore, we get y ∈ C(Iτ ;L2(Ω)) such that Ȳ n(t) →
y(t) uniformly on Iτ . Since ∥Ȳ n(t) − Ȳ n(s)∥≤ |t −
s|. Hence y(t) is Lipschitz continuous functions on Iτ .
Thus, dydt ∈ L∞(Iτ ;L2(Ω)). Hence proved.

Lemma 4.4. There exists a subsequence {X̄nk} of
{X̄n} such that IαX̄nk ⇀ Iαy in L2(Iτ ,X), as
n→ ∞.

Proof: By above lemma IαX̄n(t) is uniformly
bounded in L2(Iτ ,X), there exist a subsequence
IαX̄nk(t) and a function φ ∈ L2(Iτ ,X) such that

IαX̄nk ⇀ φ in L2(Iτ ,X).

Define χn : Iτ → X by

χn(t) =
1

Γ(α)

∫ t

0

X̄n(s)(t− s)α−1ds.

For t ∈ (0, tn1 ), X̄
n(t) = yn1 . Hence

χn(t) =
1

Γ(α)

∫ t

0

yn1 (t− s)α−1ds

=
yn1
Γ(α)

∫ t

0

(t− s)α−1ds

=
yn1

Γ(1 + α)
tα.

Since yn1 is bounded, χn(0+) = 0 for every n.
For g∗ ∈ X∗, we can observe

⟨χnk(t), g∗⟩ =
∫ t

0

⟨IαX̄nk , g∗⟩ds.

Since X̄nk → y in C(Iτ ,X), χnk(t) →
1

Γ(α)

∫ t
0
y(s)(t− s)α−1ds as k → ∞. Letting k → ∞,

we have〈
1

Γ(α)

∫ t

0

y(s)(t− s)α−1ds, g∗
〉

=

∫ t

0

⟨φ(s), g∗⟩.

Hence

φ(t) =
1

Γ(α)

∫ t

0

y(s)(t− s)α−1ds.

Hence proved.
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5. Main result and error estimates
This section shows that the function y(t), derived in
Lemma (4.3), acts as a strong solution to the system
(2.1) over the interval Iτ . Furthermore, we examine
how the solution y continuously depends on the initial
condition Y0 and the function f and error estimation.

Theorem 5.1. Under the assumptions (H1)-(H4), the
system (2.1) has a unique strong solution y(t) on Iτ .

Proof: Assuming the functions y(t), derived in
Lemma (4.3). Let t ∈ (tni−1, t

n
i ], i = 1, 2, . . . , n, n ∈

Z+. Since

∥X̄n(t)− y(t)∥ ≤ ∥X̄n(t)− Y n(t)∥
+ ∥Ȳ n(t)− y(t)∥
≤ ωhn + ∥Ȳ n(t)− y(t)∥,

Thus, X̄n(t) → y(t) uniformly on Iτ . Hence, ∥X̄n(t)∥
is bounded uniformly on Iτ .

For t ∈ (tni−1, t
n
i ], we obtain

∥∥∥P̄n(t)− p(t, y(t))−
∫ t

0

k(t, s, yt)
∥∥∥

=
∥∥∥p(tni , yni−1) +

∫ tni

0

k(tni , s, ỹ
n
i−1)ds

−p(t, y(t))−
∫ t

0

k(t, s, yt)ds
∥∥∥

≤ Lp(|t− tni |+∥yni−1 − y(t)∥) + TLk(|t− tni |
+∥ỹni−1 − yt∥0)

+

∫ tni

t

∥k(tni , s, ỹni−1)ds∥

≤ Lp[hn(1 + ω) + ∥Ȳ n(t)− y(t)∥]
+hn(2τLk + τLk(ω + Lϕ) + Lkr + ωk).

Thus, we determine that P̄n(t) → p(t, y(t)) +∫ t
0
k(t, s, yt) as n → ∞ uniformly on Iτ . By Lemma

(3.2) ∥dy
n

dt ∥ is bounded uniformly on Iτ . Hence,
∥AX̄n(t)∥ is bounded uniformly on Iτ .
By (4.6), for every w ∈ X, we get∫ t

0

⟨IαX̄n(s) +AX̄n(s), w⟩ds = ⟨Y0, w⟩

−⟨Ȳ n(t), w⟩+
∫ t

0

[
p(s, y(s))

+

∫ s

0

k(s, x, ys)dx
]
ds.

By bounded convergence theorem, we have∫ t

0

⟨Iαy(s) +Ay(s), w⟩ds = ⟨Y0, w⟩ − ⟨y(t), w⟩

+

∫ t

0

[
p(s, y(s)) +

∫ s

0

k(s, x, us)dx
]
ds. (5.1)

Since Iαy(t) and Ay(t) are Bochner integrable func-

tions on Iτ , by (5.1), we obtain

(5.2)


dy

dt
+ Iαy(t) +Ay(t) = p(t, y(t))

+

∫ t

0

k(t, s, yt)ds

a.e. t ∈ Iτ , y(0) = Y0,

Hence, the function y is a strong solution of (2.1)).
Suppose that y1, y2 are distinct strong solutions of (2.1)).
Assume that y

′
= y1 − y2. Then

dy
′

dt
+

1

Γ(α)

∫ t

0

y
′
(s)(t− s)α−1ds(t) +Ay

′
(t)

=
(
p(t, y1(t)) +

∫ t

0

k(t, s, y1t)ds
)

−
(
p(t, y2(t)) +

∫ t

0

k(t, s, y2t)ds
)

By Lemma (2.2), we have

d

dt
∥y

′
(t)∥2 ≤ 2∥y(t)∥

[
∥p(t, y1(t))− p(t, y2(t))∥

+
∥∥∥∫ t

0

k(t, s, y1t)ds−∫ t

0

k(t, s, y2t)ds
∥∥∥]

Therefore,

d

dt
∥y

′
(t)∥2 ≤ [(Lp + Lkτ) sup

t∈Iτ
∥y(t)∥2]

Thus,

∥y(t)∥2≤ 2(Lp + Lkτ)

∫ t

0

(
sup
t∈Iτ

∥y(s)∥
)2

ds, t ∈ Iτ

Applying Gronwall’s lemma, ∥y′
(t)∥2= 0 ∀ t ∈ Iτ .

Thus y1(t) = y2(t) ∀ t ∈ Iτ .
We now present a result regarding the continuous depen-
dence of the solution y on the initial condition Y0 and
the function f, where f is

p(t, y(t)) +

∫ t

0

k(t, s, yt)ds.

Theorem 5.2. Let y, y1 be different functions of strong
solutions of (2.1) corresponding to (Y0, f) and (Z0, f

∗)
satisfy the all presumptions then the following condition

∥y(t)− y1(t)∥2≤

∥Y0 − Z0∥2+
∫ τ

0

∥fy(s)− f∗y1(s)∥ds

holds for all t ∈ Iτ , where

fy(t) = p(t, y(t)) +

∫ t

0

k(t, s, yt)ds,

f∗y1(t) = p(t, u(t)) +

∫ t

0

k(t, s, ut)ds.
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Proof: Consider z(t) = y(t)− y1(t). Then,

dz

dt
+

1

Γ(α)

∫ t

0

z(t)(t− s)α−1ds

+Az(t) = fy(t)− f∗u(t)

Using Lemma 2.2, for t ∈ Iτ , we get

d

dt
∥z(t)∥2≤ 2∥z(t)∥∥fy(t)− f∗u(t)∥,

≤ ∥z(t)∥2+∥fy(t)− f∗u(t)∥2

Thus,

∥z(t)∥2 ≤ ∥z(0)∥2+
∫ t

0

∥z(s)∥2ds

+

∫ t

0

∥fy(s)− f∗y1(s)∥
2ds

By applying Gronwall’s inequality, we get

∥z(t)∥2 ≤
(
∥z(0)∥2+

∫ t

0

∥fy(s)− f∗y1(s)∥
2ds

)
et.

Lemma 5.3. For each i = 1, 2, . . . , n, and n ∈ Z+,
the errors ∥Ȳ n(t)− y(t)∥ and ∥yni − y(tni )∥ satisfy the
following bounds
(i) ∥Ȳ n(t)− y(t)∥≤ Q1√

n
for all t ∈ [t0, τ ] and for some

constant Q1 > 0.
(ii) ∥yni −y(tni )∥≤

Q2√
n
, whereQ2 > 0 is some constant.

Furthermore, ∥yni − y(t)∥≤ Q2√
n

for all t ∈ (tni−1, t
n
i ].

Proof: Considering l → ∞ (4.15) becomes,

∥Ȳ n(t)− y(t)∥≤ Q1√
n

for each t ∈ [0, τ ], for each n ∈ Z+ and for some Q1 >
0. Therefore ∥Ȳ n(t)− y(t)∥≤ Q1√

n
for all t ∈ [t0, τ ], ∀

n ∈ Z+.
For t ∈ (tni−1, t

n
i ], i = 1, 2, . . . , n, n ∈ Z+, we get

∥yni−1 − y(t)∥ ≤ ∥yni−1 − Ȳ n(t)∥+∥Ȳ n(t)− y(t)∥
≤ ωhn + ∥Ȳ n(t)− y(t)∥

≤ ωτ

n
+
Q1√
n
≤ 2ωτ +Q1√

n
.

Consequently, by Lemma 3.2, we get

∥yni − y(t)∥ ≤ ∥yni − yni−1∥+∥yni−1 − y(t)∥
≤ ωhn + ∥yni−1 − y(t)∥

≤ 2ωτ +Q1√
n

.

Hereof, ∥yni − y(t)∥≤ Q2√
n

∀ t ∈ [tni−1, t
n
i ], i =

1, 2, . . . , n, n ∈ Z+, where Q2 = 2ωτ +Q1.
In particular, ∥yni − y(tni ) ≤

Q2√
n
.

6. Application
Considering partial differential equation given below

∂y

∂t
− ∂2y

∂x2
+

15
√
π

8
(t)

5
2 y =

υ(t, y(t)) +

∫ t

0

sin(t, s, yt)ds,

t ∈ (0, τ ], x ∈ (Ω), (6.1)

the history condition

(6.2)y(t, x) = σ tan t on [−τ, 0)× (Ω),

and the initial conditions

(6.3)y(0, x) = x2 + 1 and
∂y

∂t
(0, x)

= 2x on (Ω),

where σ, υ, τ ∈ R+.
Here, p(t, y) = σ(t, y), k(t, s, ψ) = sin(t, s, ψ),

ψ(t, x) = υ tan t, Y0(x) = x2 + 1, and Y1(x) = 2x.
Clearly, both functions Y0 and Y1 belong to L2(Ω).

Consider,

∥ψ(t1)− ψ(t2)∥2 =

∫ 1

0

(
ψ(t1)− ψ(t2)(x)

)2

dx

= υ2
[ sin(t1 − t2)

cos t1 cos t2

]2
≤ υ2|t1 − t2|2.

Therefore, we have

(6.4)∥ψ(t1)− ψ(t2)∥≤ υ|t1 − t2|.

Consider,

∥p(t1, y1)− p(t2, y2)∥2

=

∫ 1

0

(p(t1, y1)− p(t2, y2)(x))
2dx

=

∫ 1

0

σ2(t1 + y1(x)− t2 − y2(x))
2dx

≤ 2σ2
(∫ 1

0

(t1 − t2)
2dx

+

∫ 1

0

(y1(x)− y2(x))
2dx

)
≤ 2σ2

(
|t1 − t2|2+∥y1 − y2∥2

)
Thus,

∥p(t1, y1)− p(t2, y2)∥≤
√
2σ

(
|t1 − t2|+∥y1 − y2∥

)
.

and

∥k(t1, s, ϕ1)− k(t2, s, ϕ2)∥2

= ∥sin(t1, s, ϕ1)− sin(t2, s, ϕ2)∥2

=
∣∣∣ ∫ 1

0

[
(sin(t1, s, ϕ1)− sin(t2, s, ϕ2))(x)

]2
dx

∣∣∣
≤

∫ 1

0

[
(|t1 − t2|+|ϕ1 − ϕ2|)(x)

]2
dx

≤ 2
(
|t1 − t2|2+∥ϕ1 − ϕ2∥20

)
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Therefore,

∥k(t1, s, ϕ1)−k(t2, s, ϕ2)∥≤
√
2
(
|t1−t2|+∥ϕ1−ϕ2∥0

)
.

Therefore, if σ ≤ 1√
2

, then by Theorem 5.1, the bound-
ary value problem (6.1)-(6.3) admits a unique strong
solution.

7. Conclusion
We introduced a fractional integro-differential equation
with a delay integral function (1.1), along with the corre-
sponding history, initial, and boundary conditions (1.2)-
(1.4). Utilizing the semigroup theory of bounded linear
operators and an appropriate function, we first trans-
formed the problem (1.1)-(1.4) into the system (2.1). We
then applied the L2 scheme to discretize the Riemann-
Liouville fractional integral term and used a semidis-
cretization method to establish certain a priori estimates.
Additionally, we constructed a sequence of functions and
demonstrated that this sequence converges uniformly to
the unique strong solution of (2.1). We also examined
the continuous dependence of the strong solution on the
given initial data. The error estimates confirmed that
our results closely approximate the exact solution. Fi-
nally, we presented an application to illustrate the main
findings.
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