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1. Introduction

The Banach contraction principle [1], as one of the most
famous fixed point theorems in metric spaces, has wide
applications and has been extended in many papers from
different perspectives (see, for instance, [2–16]). The
class of F -contractions, defined by Wardowski [17],
provides a robust generalization of the well-known Ba-
nach contraction principle. It is worth noting that many
mappings that are not necessarily Banach contractions
belong to the class of F -contractions; therefore, the
concept of an F -contraction constitutes a genuine gen-
eralization of the Banach contraction principle. Subse-
quently, several authors have generalized Wardowski’s
result from different aspects (see, for instance, [18–20]
and the references therein).

A notable deviation from classical metric structures

was initiated by Branciari [10], who replaced the triangle
inequality with a weaker rectangular condition, thereby
defining Branciari metric spaces (BMS). Often termed
‘generalized metric spaces,’ these structures encompass
cases where standard metric axioms fail to hold. Conse-
quently, the analysis of fixed points within this setting
has gained significant traction, as identifying the con-
ditions for existence and uniqueness of fixed points in
a BMS is a non-trivial process that demands particular
clinical insight.

Several researchers have subsequently enriched the
literature on Branciari metric spaces (BMS) by explor-
ing diverse classes of generalized contractions. For in-
stance, contractive conditions involving auxiliary func-
tions and (ψ,φ)-type mappings have been extensively
analyzed in [19, 21, 22]. Similarly, extensions of α-
implicit and Geraghty-type contractions were investi-
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gated by Karapınar [23] and Asadi et al. [8], respec-
tively. Furthermore, Aydi et al. [24] and Azam et al.
[25] contributed to the field by establishing results for
generalized (α-ψ) and Kannan-type contractions. Other
significant developments include common fixed point
theorems [26, 27], refinements of the Banach contrac-
tion principle [28, 29], and fundamental results such as
Caristi’s theorem [30] within these spaces.

The evolution of fixed point theory further progressed
with the introduction of complex-valued (CV) metric
spaces by Azam et al. [9], who established common
fixed point results for mappings under rational contrac-
tive conditions. This framework sparked a wave of
generalizations across various dimensions of CV met-
ric spaces (refer to [31–37] and associated literature).
Parallel to these developments, Ege [38] pioneered the
study of complex-valued rectangular b-metric spaces
(CV Branciari b-metric spaces), providing a unique fixed
point result that serves as an analogue to the Banach con-
traction principle in this refined setting. Moreover, the
methodology was enriched by Samet et al. [39] through
the introduction of α-admissible and α-ψ-contractive
mappings, offering a robust foundation for existence
theorems in complete metric structures.

The primary objective of this research is to establish
Wardowski-type contraction mappings within the frame-
work of complex-valued (CV) Branciari b-metric spaces
and to investigate the existence of their fixed points. Our
findings extend and refine several established results in
CV Branciari b-metric spaces, specifically enhancing
the work of Ege [38]. To demonstrate the practical sig-
nificance of these theoretical developments, we present
an application to the field of fractional differential equa-
tions, providing sufficient criteria to ensure the existence
of solutions for certain fractional systems.

2. Preliminaries
In this section, we present some notations and definitions
which will be used in this paper in the sequel.

Definition 2.1. [39] Let Ω be a nonempty set, T : Ω →
Ω be a self-mapping and ξ : Ω × Ω → [0,∞) be a
function. It is said that T is ξ-admissible whenever for
any ℓ, υ ∈ Ω, ξ(ℓ, υ) ≥ 1 implies ξ(Tℓ, Tυ) ≥ 1.

Also, we say that ξ is triangular whenever for any
ℓ, υ, z ∈ Ω, ξ(ℓ, υ) ≥ 1 and ξ(υ, z) ≥ 1 implies
ξ(ℓ, z) ≥ 1.

Definition 2.2. ([39]) Let (Ω, d) be a metric space
and ξ : Ω × Ω → [0,∞) be a function. It is said
that Ω is ξ-regular if for any sequence {ℓn} in Ω that
limn→∞ d(ℓn, ℓ) = 0 and ξ(ℓn, ℓn+1) ≥ 1 for all
n ∈ N, then ξ(ℓn, ℓ) ≥ 1 for all n ∈ N.

Definition 2.3. [9] Assume C represents the set of com-
plex numbers. For any pair Z1,Z2 ∈ C, a partial order-
ing ⪯ is established such that Z1 ⪯ Z2 holds if and only
if Re(Z1) ≤ Re(Z2) and Im(Z1) ≤ Im(Z2). Conse-
quently, the relation Z1 ⪯ Z2 is satisfied provided that
one of the following criteria is met:

(i) Re (Z1) = Re (Z2), Im(Z1) < Im (Z2),

(ii) Re (Z1) < Re (Z2), Im(Z1) = Im (Z2),

(iii) Re (Z1) < Re (Z2), Im(Z1) < Im (Z2),

(iv) Re (Z1) = Re (Z2), Im(Z1) = Im (Z2).

Specifically, the notation Z1 ⋨ Z2 is employed when-
ever any of the aforementioned conditions (i), (ii) and
(iii) is satisfied. Furthermore, we denote Z1 ≺ Z2 ex-
clusively when the third condition (iii) holds.

Definition 2.4. [9] Let Ω is a nonempty set. Let a map-
ping ρc : Ω× Ω → C satisfies the following conditions:

(i) 0 ⪯ ρc(ℓ, υ) and ρc(ℓ, υ) = 0 if and only if ℓ = υ;

(ii) ρc(ℓ, υ) = ρc(υ, ℓ);

(iii) ρc(ℓ, υ) ⪯ ρc(ℓ, ξ) + ρc(ξ, υ), for all ℓ, ξ, υ ∈ Ω,

Under these conditions, ρc defines a complex-valued
(CV) metric on Ω, and the corresponding pair (Ω, ρc) is
referred to as a complex-valued (CV) metric space.

In this article, we use the symbol |.| for the absolute
value of a number and the symbol

∣∣∣.∣∣∣ for the magnitude
(length) of a complex number.

Example 2.5. Let Ω = Ω1 ∪ Ω2, where

Ω1 = {Z ∈ C : Re (Z) ≥ 0 and Im (Z) = 0}

and

Ω2 = {Z ∈ C : Re (Z) = 0 and Im (Z) ≥ 0}.

Define ρc : Ω× Ω → C as follows:

ρc(Z1,Z2) =


1
2 |δ1 − δ2|(1 + i), Z1,Z2 ∈ Ω1,
1
2 |ξ1 − ξ2|(1 + i), Z1,Z2 ∈ Ω2,
1
2 (δ1 + ξ2)(1 + i), Z1 ∈ Ω1,

Z2 ∈ Ω2

and ρc(Z1,Z2) = ρc(Z2,Z1), where Z1 = δ1 + iξ1
and Z2 = δ2 + iξ2. Then, (Ω, ρc) is a CV metric space.

Example 2.6. Let Ω = Ω1 ∪ Ω2, where Ω1 and Ω2

are the same ones introduced in the previous example.
Define ρc : Ω× Ω → C as follows:

ρc(Z1,Z2) = ρc(Z2,Z1)

=

{ |δ1 − δ2|, Z1,Z2 ∈ Ω1,
|ξ1 − ξ2|i, Z1,Z2 ∈ Ω2,
δ1 + ξ2i, Z1 ∈ Ω1,Z2 ∈ Ω2,

where Z1 = δ1 + ξ1i and Z2 = δ2 + ξ2i. Then (Ω, ρc)
is a CV metric space.

Example 2.7. Let Ω = C. Define ρc : Ω× Ω → C as
follows:

ρc(Z1,Z2) = a|δ1 − δ2|+ b|ξ1 − ξ2|i,

where Z1 = δ1 + ξ1i and Z2 = δ2 + ξ2i and a, b are
two positive real constants. Then (Ω, ρc) is a CV metric
space.
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Example 2.8. [40] Let Ω = [0, 1] and ℓ, υ ∈ Ω. Define
ρc : Ω× Ω → C by

ρc(ℓ, υ) =

{
0, ℓ = υ,
i
2 , ℓ ̸= υ.

Then ρc is a CV metric and hence (Ω, ρc) is a CV metric
space.

Remark 2.9. Note that there exist several examples of
mappings defined on a metric space that do not satisfy
special contractive conditions such as Banach-type con-
tractions; however, by defining a CV metric on the space,
we obtain a contraction on the CV metric space. For
instance, see Example 7 in [9].

Definition 2.10. ([41]) Consider a non-empty set Ω and
a mapping ℘ : Ω × Ω → [0,∞). The mapping ℘ is
classified as a b-metric on Ω provided that it satisfies the
following axioms for all ℓ, η, ξ ∈ Ω and a fixed constant
s ≥ 1:

(b1) ℘(ℓ, η) = 0 ⇐⇒ ℓ = η;

(b2) ℘(ℓ, η) = ℘(η, ℓ);

(b3) ℘(ℓ, η) ≤ s[℘(ℓ, ξ) + ℘(ξ, η)].

Under these criteria, the pair (Ω, ℘) is referred to as a
b-metric space.

Definition 2.11. ([10]) Let Ω ̸= ∅. A mapping ℘ :
Ω× Ω → [0,∞) is termed a Branciari metric (BM) on
Ω provided that for all ℓ, ℓ′ ∈ Ω:

(BM1) ℘(ℓ, ℓ′) = 0 if and only if ℓ = ℓ′;

(BM2) ℘(ℓ, ℓ′) = ℘(ℓ′, ℓ);

(BM3) ℘(ℓ, ℓ′) ≤ ℘(ℓ, ξ)+℘(ξ, η)+℘(η, ℓ′) holds for any
distinct elements ξ, η ∈ Ω\{ℓ, ℓ′} (the rectangular-
type inequality).

Consequently, the pair (Ω, ℘) is designated as a Bran-
ciari metric space (BMS).

Definition 2.12. ([38]) Let Ω be a non-empty set. A
mapping ρc : Ω× Ω → C is designated as a complex-
valued Branciari b-metric (CVBBM) on Ω provided that
it adheres to the following axioms for all ℓ, ℓ′ ∈ Ω:

(BM1) The distance ρc(ℓ, ℓ′) is always non-negative and
equals zero precisely when the points ℓ and ℓ′ coin-
cide;

(BM2) the symmetry property holds: ρc(ℓ, ℓ′) = ρc(ℓ
′, ℓ);

(BM3) there exists a real constant s ≥ 1 such that for
any pair of distinct intermediate points ξ, η ∈ Ω \
{ℓ, ℓ′}, the following inequality is fulfilled:

ρc(ℓ, ℓ
′) ⪯ s [ρc(ℓ, ξ) + ρc(ξ, η) + ρc(η, ℓ

′)] .

Under these axioms, the structure (Ω, ρc) is defined as
a complex-valued Branciari b-metric space (CVBBMS).

It is obvious that every complex-valued b-metric space
is a CVBBMS, while the converse is generally false. To
see this, consider the following example:

Example 2.13. Let A =
{
ξn | ξn ∈ Q, n =

1, 2, · · · , ξi ̸= ξj for i ̸= j
}

, B =
{
a, b
}

where
a, b /∈ Q. Take Ω = A∪B. Define ρc : Ω×Ω → [0,∞)
by

ρc(ℓ, ξ) = ρc(ξ, ℓ) =

{1 + 2i, ℓ, ξ ∈ A (ℓ ̸= ξ),
1+i
n , ℓ = ξn ∈ A, ξ ∈ B,

2 + i, ℓ, ξ ∈ B (ℓ ̸= ξ)

and ρc(ℓ, ℓ) = 0 for all ℓ ∈ Ω.
Then it is easy to show that (Ω, ρc) is a CVBBMS with
coefficient s = 2. Note that (Ω, ρc) is not a CV b-metric
space, since

lim
n→∞

∣∣∣ρc(ξn, ξ2n)∣∣∣∣∣∣ρc(ξn, a) + ρc(a, ξ2n)
∣∣∣ = lim

n→∞

√
5∣∣∣ 1+i

n + 1+i
2n

∣∣∣
= lim

n→∞

√
5

3
√
2

2n

= lim
n→∞

2
√
5n

3
√
2

= ∞.

Thus there is no real number s ≥ 1 such that
ρc(ξn, ξ2n) ⪯ s(ρc(ξn, a) + ρc(a, ξ2n)).

Definition 2.14. [38] Let (Ω, ρc) be a CVBBMS, {ℓn}
be a sequence in Ω and ℓ ∈ Ω.
(a) The sequence {ℓn} is said to be convergent in (Ω, ρc)
and converges to ℓ if for every c ≻ 0 there exists n0 ∈ N
such that ρc(ℓn, ℓ) ≺ c for all n > n0 and is denoted by
lim
n→∞

ρc(ℓn, ℓ) = 0 or ℓn → ℓ as n→ ∞.

(b) A sequence {ℓn} within (Ω, ρc) is classified as a
Cauchy sequence provided that lim

n→∞
ρc(ℓn, ℓn+p) = 0

holds universally for each p ∈ N.
(c) The space (Ω, ρc) is designated as a complete

CVBBMS if every Cauchy sequence generated in Ω con-
verges to an element belonging to Ω.

Lemma 2.15. [38] In a CVBBMS (Ω, ρc), a sequence
{ℓn} ⊂ Ω converges to a limit point ℓ ∈ Ω if and only if

lim
n→∞

∣∣∣ρc(ℓn, ℓ)∣∣∣ = 0.

Lemma 2.16. [38] In a CVBBMS (Ω, ρc), a sequence
{ℓn} ⊂ Ω exhibits the Cauchy property if and only if

lim
m,n→∞

∣∣∣ρc(ℓn, ℓm)
∣∣∣ = 0.

Lemma 2.17. Let (Ω, ρc) be a CVBBMS and suppose
{ℓn} is a Cauchy sequence in Ω comprising mutually
distinct terms (meaning ℓn ̸= ℓm for distinct indices
n ̸= m). Under this setting, the sequence {ℓn} can
converge to at most one limit point.

Proof. Let ℓ and υ be two arbitrary limits in Ω such that
limn→∞ ρc(ℓn, ℓ) = 0 and limn→∞ ρc(ℓn, υ) = 0.
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Assuming there exists a subsequence {ℓni
} that iden-

tically equals ℓ for all indices i ∈ N, we readily obtain:

ρc(ℓ, υ) = lim
i→∞

ρc(ℓni , υ) = 0,

which yields ℓ = υ. By applying an analogous argument,
if a subsequence {ℓni} constantly equals υ for all i ∈ N,
it follows that:

ρc(ℓ, υ) = lim
i→∞

ρc(ℓni
, ℓ) = 0,

leading again to ℓ = υ.
Consequently, we can restrict our analysis to the sce-

nario where there exists a threshold index N ∈ N such
that ℓn ̸= ℓ and ℓn ̸= υ for all n ≥ N . Utilizing the
rectangular b-metric inequality, we observe:

ρc(ℓ, υ) ⪯ s
[
ρc(ℓ, ℓn) + ρc(ℓn, ℓn+1) + ρc(ℓn+1, υ)

]
for all n ≥ N . Taking the absolute value on both sides
of this inequality yields:∣∣∣ρc(ℓ, υ)∣∣∣ ≤ s

[∣∣∣ρc(ℓ, ℓn)∣∣∣+ ∣∣∣ρc(ℓn, ℓn+1)
∣∣∣

+
∣∣∣ρc(ℓn+1, υ)

∣∣∣].
Passing to the limit as n → ∞ in the inequality above,
we obtain |ρc(ℓ, υ)| = 0. Consequently, ρc(ℓ, υ) = 0,
which guarantees that ℓ = υ.

Throughout this work, the symbols N, R, and R+

are employed to represent the sets of natural, real, and
positive real numbers, respectively.

Furthermore, we utilize the notations C⪰0, C⋩0, and
C≻0 to signify the classes of complex numbers c that
fulfill the respective conditions 0 ⪯ c, 0 ⋨ c, and 0 ≺ c.

In [17], Wardowski proposed a significant extension
of the Banach contraction principle by introducing a
novel class of mappings. Let F denote the family of
all functions F : R+ → R that satisfy the following
axioms:

(F1) F exhibits a strictly increasing behavior;

(F2) For any sequence {εn} in R+, the conver-
gence limn→∞ εn = 0 is equivalent to
limn→∞ F (εn) = −∞;

(F3) There exists a constant k ∈ (0, 1) such that the
product εkF (ε) vanishes as ε→ 0+.

Definition 2.18. [17] Suppose (Ω, ρ) is a complete met-
ric space. A self-mapping T : Ω → Ω is classified
as an F -contraction if there exist a positive constant
τ ∈ R+ and a function F ∈ F such that the following
implication holds for all ℓ, υ ∈ Ω:

ρ(Tℓ, Tυ) > 0 =⇒ τ +F (ρ(Tℓ, Tυ)) ≤ F (ρ(ℓ, υ)).

Theorem 2.19. [17] Let (Ω, ρ) be a complete metric
space. Every F -contraction mapping T : Ω → Ω pos-
sesses a unique fixed point z ∈ Ω. Additionally, for
an arbitrary starting point ℓ ∈ Ω, the Picard iteration
sequence {Tnℓ} is convergent to z.

Motivated by Wardowski’s idea, we want to introduce
the Wardowski-type contractions in a CVBBMS.

3. Main results

Let G represent the family of all functions F : C⋩0 → R
that fulfill the following requirements:

(F1) F possesses the strictly increasing property; that
is, for any c1, c2 ∈ C, the relation c1 ⋨ c2 entails
F(c1) < F(c2).

(F2) Given any sequence {cn} ⊂ C⋩0, the conver-
gence limn→∞ cn = 0 is logically equivalent to
limn→∞ F(cn) = −∞.

(F3) There exists a parameter k ∈ (0, 1) such that for
every sequence {cn} in C⋩0 that converges to the

origin, the limit limn→∞

∣∣∣cn∣∣∣kF(cn) = 0 is main-
tained.

Example 3.1. As examples of elements of G, we have

(1) F1(c) = ln
∣∣∣c∣∣∣,

(2) F2(c) =

{ ln
∣∣∣c∣∣∣√∣∣∣c∣∣∣ , 0 <

∣∣∣c∣∣∣ ≤ e2,

∣∣∣c∣∣∣+ 2

e
− e2,

∣∣∣c∣∣∣ > e2.

(3) F3(c) = ln
∣∣∣c∣∣∣+ ∣∣∣c∣∣∣,

(4) F4(c) =
−1∣∣∣c∣∣∣α , 0 < α < 1,

(5) F5(c) = ln
(Re (c)

cos θ
+

Im (c)

sin θ

)
+

Re (c)
cos θ

+
Im (c)

sin θ
, θ ∈

(
0, π2

)
.

We also define some properties Fsτ and F′
sτ as fol-

lows:

Definition 3.2. Let s ≥ 1 and τ > 0. We define the set
Gs,τ as a subclass of G consisting of functions F that
verify the following condition: (Fsτ ) For any u, v, w ∈
C⋩0, the inequalities τ+F(su) ≤ F(v) and τ+F(sv) ≤
F(w) jointly imply τ + F(s2u) ≤ F(sv).

Definition 3.3. Let s ≥ 1 and τ > 0. We delineate
G′
s,τ as a subclass of G containing functions F such

that: (F′
sτ ) For every sequence {cn} ⊂ C⋩0 adhering

to τ + F(scn) ≤ F(cn−1) for all n ∈ N, the condition
τ + F(sncn) ≤ F(sn−1cn−1) is satisfied for all n ∈ N.

It is straightforward to verify that for any strictly
increasing mapping F : C⋩0 → R, the conditions (Fsτ )
and (F′

sτ ) are logically equivalent. Consequently, the
classes Gs,τ and G′

s,τ coincide (the proof is completely
similar to the proof in [42] for the case where the domain
of F is (0,∞)).

Theorem 3.4. Consider a complete CVBBMS (Ω, ρc)
characterized by a constant coefficient s ≥ 1, and let
Υ : Ω → Ω represent a self-mapping. Suppose there
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exist a function F ∈ Fsτ , a constant τ > 0, and a
triangular function ξ : Ω × Ω → [0,∞) such that the
following contractive constraint is imposed:

τ + F(sρc(Υℓ,Υυ)) ≤ F(ρc(ℓ, υ)) (1)

whenever ξ(ℓ, υ) ≥ 1 and Υℓ ̸= Υυ. Furthermore, the
following conditions are assumed to be satisfied:

(i) the operator Υ is ξ-admissible;

(ii) there exists at least one element ℓ0 ∈ Ω such that
ξ(ℓ0,Υℓ0) ≥ 1;

(iii) the space Ω is ξ-regular or the mapping Υ is con-
tinuous.

Under these premises, the mapping Υ guarantees the
existence of a fixed point. Additionally, the uniqueness
of this fixed point is verified provided that ξ(ℓ, υ) ≥ 1
holds for every pair of fixed points ℓ, υ ∈ Ω.

Proof. Consider a sequence {ℓn} in Ω such that ℓn =
Υℓn−1 = Υnℓ0 for all n ∈ N. Then ℓn+1 = Υℓn
for all n ∈ N ∪ {0}. If ℓn+1 = ℓn, for some n ∈
N ∪ {0}, then ℓn is a fixed point of Υ and we have
nothing to prove. Suppose that ℓn+1 ̸= ℓn for all n ∈ N.
Thus Υℓn ̸= Υℓn−1 for all n ∈ N. Also, we have
ξ(ℓ0, ℓ1) = ξ(ℓ0,Υℓ0) ≥ 1 and since Υ is ξ-admissible,
we can show by induction that ξ(ℓn, ℓn+1) ≥ 1 for
all n ∈ N ∪ {0}. Since ξ is triangular, we have also
ξ(ℓn, ℓm) ≥ 1 for all n,m ∈ N ∪ {0} with n < m.
Now, we show that ℓn ̸= ℓm for all n,m ∈ N with
n ̸= m.

Assume that n < m and ℓn = ℓm, seeking a contra-
diction.

Then by (1), for any k ∈ N,

F(ρc(ℓk, ℓk+1)) ≤ F(sρc(ℓk, ℓk+1))

= F(sρc(Υℓk−1,Υℓk))

≤ F(ρc(ℓk−1, ℓk))− τ

< F(ρc(ℓk−1, ℓk)).

Since F is strictly increasing, we get ρc(ℓk, ℓk+1) ⋨
ρc(ℓk−1, ℓk). Now, we have

ρc(ℓm, ℓm+1) ⋨ ρc(ℓm−1, ℓm) ⋨ · · ·
⋨ ρc(ℓn, ℓn+1)

= ρc(ℓn,Υℓn) = ρc(ℓm,Υℓm)

= ρc(ℓm, ℓm+1),

which is a contradiction. Thus ℓn ̸= ℓm for all n,m ∈ N
with n ̸= m. Now by (1),

F(sρc(ℓn, ℓn+1)) = F(sρc(Υℓn−1,Υℓn))
≤ F(ρc(ℓn−1, ℓn))− τ,

(2)

for all n ∈ N. Taking cn = ρc(ℓn, ℓn+1), we have
F(scn) ≤ F(cn−1) − τ for all n ∈ N. From (F′

sτ ), we
get τ + F(sncn) ≤ F(sn−1cn−1) for all n ∈ N. Now,
we have

F(sncn) ≤ F(sn−1cn−1)− τ

≤ F(sn−2cn−2)− 2τ ≤ · · · ≤ F(c0)− nτ.

(3)

As n→ ∞, we find limn→∞ F(sncn) = −∞. From
(F2), we get limn→∞ sncn = 0. Now we shall show
that {ℓn} is a Cauchy sequence. From (3), we have

nτ ≤ F(c0)− F(sncn). (4)

Multiplying
∣∣∣sncn∣∣∣k in both sides of (4) and taking limit

as n→ ∞, we get

lim
n→∞

∣∣∣sncn∣∣∣knτ = 0.

Thus
lim
n→∞

∣∣∣sncn∣∣∣kn = 0.

Therefore there exists N ∈ N such that∣∣∣sncn∣∣∣ ≤ 1

n
1
k

for all n ≥ N.

Now, we have

∞∑
n=N

∣∣∣sncn∣∣∣ ≤ ∞∑
n=N

1

n
1
k

<∞.

Thus
∞∑

n=0

∣∣∣sncn∣∣∣ <∞,

that is,
∑∞

n=0

∣∣∣sncn∣∣∣ is convergent. Similarly, taking
dn = ρc(ℓn, ℓn+2) and using (3.4), we can also prove
lim
n→∞

dn = 0. For any odd integer p > 1 we have, if
p = 3, then∣∣∣ρc(ℓn, ℓn+3)

∣∣∣ ≤ s
(∣∣∣ρc(ℓn, ℓn+1)

∣∣∣+ ∣∣∣ρc(ℓn+1, ℓn+2)
∣∣∣

+
∣∣∣ρc(ℓn+2, ℓn+3)

∣∣∣)
=
∣∣∣scn∣∣∣+ ∣∣∣scn+1

∣∣∣+ ∣∣∣scn+2

∣∣∣.
For p = 5,∣∣∣ρc(ℓn, ℓn+5)

∣∣∣ ≤ s
(∣∣∣ρc(ℓn, ℓn+1)

∣∣∣+ ∣∣∣ρc(ℓn+1, ℓn+2)
∣∣∣

+
∣∣∣ρc(ℓn+2, ℓn+5)

∣∣∣)
=
∣∣∣scn∣∣∣+ ∣∣∣scn+1

∣∣∣+ ∣∣∣sρc(ℓn+2, ℓn+5)
∣∣∣

≤
∣∣∣scn∣∣∣+ ∣∣∣scn+1

∣∣∣+ ∣∣∣s2cn+2

∣∣∣
+
∣∣∣s2cn+3

∣∣∣+ ∣∣∣s2cn+4

∣∣∣.
Continuing this process, we get

|d(ℓn, ℓn+p)| ≤
∣∣∣scn∣∣∣+ ∣∣∣scn+1

∣∣∣
+
∣∣∣s2cn+2

∣∣∣+ ∣∣∣s2cn+3

∣∣∣+ · · ·

+
∣∣∣s p−3

2 cn+p−5

∣∣∣+ ∣∣∣s p−3
2 cn+p−4

∣∣∣
+
∣∣∣s p−1

2 cn+p−3

∣∣∣+ ∣∣∣s p−1
2 cn+p−2

∣∣∣
+
∣∣∣s p−1

2 cn+p−1

∣∣∣
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≤
∣∣∣s 2

2 cn

∣∣∣+ ∣∣∣s 3
2 cn+1

∣∣∣
+
∣∣∣s 4

2 cn+2

∣∣∣+ ∣∣∣s 5
2 cn+3

∣∣∣+ · · ·

+
∣∣∣s p−3

2 cn+p−5

∣∣∣+ ∣∣∣s p−2
2 cn+p−4

∣∣∣
+
∣∣∣s p−1

2 cn+p−3

∣∣∣+ ∣∣∣s p
2 cn+p−2

∣∣∣
+
∣∣∣s p+1

2 cn+p−1

∣∣∣
≤
∣∣∣s2cn∣∣∣+ ∣∣∣s3cn+1

∣∣∣
+
∣∣∣s4cn+2

∣∣∣+ ∣∣∣s5cn+3

∣∣∣+ · · ·

+
∣∣∣sp−3cn+p−5

∣∣∣+ ∣∣∣sp−2cn+p−4

∣∣∣
+
∣∣∣sp−1cn+p−3

∣∣∣+ ∣∣∣spcn+p−2

∣∣∣
+
∣∣∣sp+1cn+p−1

∣∣∣
=

1

sn−2

[
∣∣∣sncn∣∣∣+ ∣∣∣sn+1cn+1

∣∣∣
+
∣∣∣sn+2cn+2

∣∣∣+ ∣∣∣sn+3cn+3

∣∣∣+ · · ·

+
∣∣∣sn+p−5cn+p−5

∣∣∣
+
∣∣∣sn+p−4cn+p−4

∣∣∣
+
∣∣∣sn+p−3cn+p−3

∣∣∣
+
∣∣∣sn+p−2cn+p−2

∣∣∣
+
∣∣∣sn+p−1cn+p−1

∣∣∣]
≤ 1

sn−2

∞∑
i=n

∣∣∣sici∣∣∣.
In view of the convergence of the series

∑∞
i=0

∣∣∣sici∣∣∣,
the terminal term in the above inequality vanishes as
n→ ∞.

Now let p is an even integer with p > 2. If p = 4,
then∣∣∣ρc(ℓn, ℓn+4)

∣∣∣ ≤ s
(∣∣∣ρc(ℓn, ℓn+1)

∣∣∣+ ∣∣∣ρc(ℓn+1, ℓn+2)
∣∣∣

+
∣∣∣ρc(ℓn+2, ℓn+4)

∣∣∣)
=
∣∣∣scn∣∣∣+ ∣∣∣scn+1

∣∣∣
+
∣∣∣sρc(ℓn+2, ℓn+4)

∣∣∣.
For p = 6,∣∣∣ρc(ℓn, ℓn+6)

∣∣∣ ≤ s
(∣∣∣ρc(ℓn, ℓn+1)

∣∣∣+ ∣∣∣ρc(ℓn+1, ℓn+2)
∣∣∣

+
∣∣∣ρc(ℓn+2, ℓn+6)

∣∣∣)
=
∣∣∣scn∣∣∣+ ∣∣∣scn+1

∣∣∣+ ∣∣∣sρc(ℓn+2, ℓn+6)
∣∣∣

≤
∣∣∣scn∣∣∣+ ∣∣∣scn+1

∣∣∣
+
∣∣∣s2cn+2

∣∣∣+ ∣∣∣s2cn+3

∣∣∣

+
∣∣∣s2ρc(ℓn+4, ℓn+6)

∣∣∣.
Continuing in this manner, we obtain∣∣∣d(ℓn, ℓn+p)

∣∣∣ ≤ ∣∣∣s 2
2 cn

∣∣∣+ ∣∣∣s 2
2 cn+1

∣∣∣
+
∣∣∣s 4

2 cn+2

∣∣∣+ ∣∣∣s 4
2 cn+3

∣∣∣+ · · ·

+
∣∣∣s p−4

2 cn+p−6

∣∣∣+ ∣∣∣s p−4
2 cn+p−5

∣∣∣
+
∣∣∣s p−2

2 cn+p−4

∣∣∣+ ∣∣∣s p−2
2 cn+p−3

∣∣∣
+
∣∣∣s p−2

2 ρc(xn+p−2, xn+p)
∣∣∣

≤
∣∣∣s 2

2 cn

∣∣∣+ ∣∣∣s 3
2 cn+1

∣∣∣
+
∣∣∣s 4

2 cn+2

∣∣∣+ ∣∣∣s 5
2 cn+3

∣∣∣+ · · ·

+
∣∣∣s p−4

2 cn+p−6

∣∣∣+ ∣∣∣s p−3
2 cn+p−5

∣∣∣
+
∣∣∣s p−2

2 cn+p−4

∣∣∣+ ∣∣∣s p−1
2 cn+p−3

∣∣∣
+
∣∣∣s p−2

2 ρc(xn+p−2, xn+p)
∣∣∣

≤
∣∣∣s2cn∣∣∣+ ∣∣∣s3cn+1

∣∣∣
+
∣∣∣s4cn+2

∣∣∣+ ∣∣∣s5cn+3

∣∣∣+ · · ·

+
∣∣∣sp−4cn+p−6

∣∣∣+ ∣∣∣sp−3cn+p−5

∣∣∣
+
∣∣∣sp−2cn+p−4

∣∣∣+ ∣∣∣sp−1cn+p−3

∣∣∣
+
∣∣∣s p−2

2 ρc(xn+p−2, xn+p)
∣∣∣

=
1

sn−2

[
∣∣∣sncn∣∣∣+ ∣∣∣sn+1cn+1

∣∣∣
+
∣∣∣sn+2cn+2

∣∣∣+ ∣∣∣sn+3cn+3

∣∣∣+ · · ·

+
∣∣∣sn+p−6cn+p−6

∣∣∣
+
∣∣∣sn+p−5cn+p−5

∣∣∣
+
∣∣∣sn+p−4cn+p−4

∣∣∣
+
∣∣∣sn+p−3cn+p−3

∣∣∣]
+ s

p−2
2

∣∣∣dn+p−2

∣∣∣
≤ 1

sn−2

∞∑
i=n

∣∣∣sici∣∣∣
+ s

p−2
2

∣∣∣dn+p−2

∣∣∣.
Since

∑∞
i=0

∣∣∣sici∣∣∣ is convergent and lim
n→∞

dn = 0,
the last two terms in the above inequality tend to zero
as n −→ ∞. Thus, {ℓn} is a Cauchy sequence in the
complete CVBBMS (Ω, ρc). Hence there is ℓ∗ ∈ Ω so
that

lim
n−→∞

ρc(ℓn, ℓ
∗) = 0.

If Ω is ξ-regular, then ξ(ℓn, ℓ∗) ≥ 1 for all n ∈ N∪ {0}.
We consider two cases:
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(case1): There exists N ∈ N so that Υℓn ̸= Υℓ∗ for each
n ≥ N . Then, obviously ℓn ̸= ℓ∗ for each n ≥ N .
Now

F(ρc(ℓn+1,Υℓ
∗)) = F(ρc(Υℓn,Υℓ

∗))

≤ F(ρc(ℓn, ℓ
∗))− τ.

Upon taking the limit as n → ∞ in
the preceding inequality, it follows that
limn→∞ F(ρc(ℓn+1,Υℓ

∗)) = −∞ and so
limn→∞ ρc(ℓn+1,Υℓ

∗) = 0. Since the limit of ℓn
is unique, thus Υℓ∗ = ℓ∗.

case(2): There exists a subsequence {ℓnk
} of {ℓn} so that

Υℓnk
= Υℓ∗ for each k ≥ 1. In this case,

ℓnk+1 = Υℓnk
= Υℓ∗ for each k ≥ 1. Therefore

limk→∞ ℓnk+1 = Υℓ∗. Since the limit of ℓnk+1 is
unique, thus Υℓ∗ = ℓ∗.

Now, let Υ is continuous. Then
limn→∞ ρc(Υℓn,Υℓ

∗) = 0. Thus
limn→∞ ρc(ℓn+1,Υℓ

∗) = 0. By the uniqueness of
limit for ℓn+1, we have Υℓ∗ = ℓ∗.

Moreover, suppose that ξ(ℓ, υ) ≥ 1 for all fixed points
ℓ, υ of Υ. If the fixed point were not unique, then there
would exist another fixed point υ∗ ̸= ℓ∗ of Υ. Then by
(1),

F
(
ρ(ℓ∗, υ∗)

)
< τ + F

(
ρ(ℓ∗, υ∗)

)
= τ + F

(
ρ(Υℓ∗,Υυ∗)

)
≤ F

(
ρ(ℓ∗, υ∗)

)
.

which leads to a contradiction. Consequently, the unique-
ness of the fixed point is established.

Taking F(c) = ln
∣∣∣c∣∣∣ in Theorem 3.4, we get the

following Banach type contraction result in a CVBBMS:

Corollary 3.5. Let (Ω, ρc) be a complete CVBBMS with
constant s ≥ 1 and Υ : Ω → Ω be a self-mapping
satisfying

sρc(Υℓ,Υυ) ⪯ λρc(ℓ, υ) (5)

for all ℓ, υ ∈ Ω with Υℓ ̸= Υυ, where λ ∈ C with
0 ≤

∣∣∣λ∣∣∣ < 1. Then, Υ has a unique fixed point ℓ∗.

Proof. From (5), we have∣∣∣sρc(Υℓ,Υυ)∣∣∣ ≤ ∣∣∣λ∣∣∣∣∣∣ρc(ℓ, υ)∣∣∣. (6)

Applying ln on both sides of the above inequality, we
have

ln
∣∣∣sρc(Υℓ,Υυ)∣∣∣ ≤ ln

∣∣∣λ∣∣∣+ ln
∣∣∣ρc(ℓ, υ)∣∣∣.

Define ξ : Ω × Ω → [0,∞) by ξ(ℓ, υ) = 1 for all
ℓ, υ ∈ Ω. Then all of the conditions of Theorem 3.4 are
satisfied for F(c) = ln

∣∣∣c∣∣∣ and τ = − ln(
∣∣∣λ∣∣∣). Thus, Υ

has a unique fixed point ℓ∗.

Remark 3.6. Note that any CV Branciari metric space
is also a CVBBMS with constant s = 1. In this case,
any function F ∈ G belongs to Gs,τ . Consequently,
G = Gs,τ .

Corollary 3.7. In the framework of a complete CV
Branciari metric space (Ω, ρc), let the self-mapping
Υ : Ω → Ω satisfy the following condition for some
F ∈ G and τ > 0:

τ + F(ρc(Υℓ,Υυ)) ≤ F(ρc(ℓ, υ)) (7)

whenever Υℓ ̸= Υυ and ξ(ℓ, υ) ≥ 1, where ξ : Ω×Ω →
[0,∞) is a triangular mapping. Assume further that:

(i) the operator Υ exhibits ξ-admissibility;

(ii) an element ℓ0 ∈ Ω exists such that ξ(ℓ0,Υℓ0) ≥ 1;

(iii) Υ is either continuous or the space Ω satisfies the
ξ-regularity property.

Under these hypotheses, Υ possesses at least one fixed
point. Furthermore, the uniqueness of the fixed point
is guaranteed provided that ξ(ℓ, υ) ≥ 1 for any pair of
fixed points ℓ, υ ∈ Ω.

If we put F(c) = ln(
∣∣∣c∣∣∣) + ∣∣∣c∣∣∣ in Corollary 3.7, we

derive the following result:

Corollary 3.8. Consider a complete CV Branciari met-
ric space (Ω, ρc) and a self-mapping Υ defined on Ω.
Suppose that for some constant τ > 0 and a triangular
mapping ξ : Ω× Ω → [0,∞), the following inequality
is satisfied:∣∣∣ρc(Υℓ,Υυ)∣∣∣∣∣∣ρc(ℓ, υ)∣∣∣ e

∣∣∣ρc(Υℓ,Υυ)

∣∣∣−∣∣∣ρc(ℓ,υ)

∣∣∣
≤ e−τ

for all ℓ, υ ∈ Ω such that Υℓ ̸= Υυ and ξ(ℓ, υ) ≥ 1.
Furthermore, assume that the conditions below are met:

(i) the mapping Υ is ξ-admissible;

(ii) there exists at least one element ℓ0 ∈ Ω satisfying
ξ(ℓ0,Υℓ0) ≥ 1;

(iii) either the continuity of Υ is guaranteed or Ω pos-
sesses the ξ-regularity property.

Then, there exists a fixed point for Υ. In addition, this
fixed point is unique provided that ξ(ℓ, υ) ≥ 1 for all
ℓ, υ ∈ Fix(Υ).

Considering F(c) = ln(Re(c)
cos θ + Im(c)

sin θ ) in Corollary
3.7, where θ ∈ (0, π2 ), we get the following result:

Corollary 3.9. Let the pair (Ω, ρc) denote a complete
CV Branciari metric space and let Υ be a self-mapping
on Ω. Suppose that for some constant k ∈ (0, 1), a
parameter θ ∈ (0, π2 ), and a triangular mapping ξ :
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Ω× Ω → [0,∞), the following contractive condition is
satisfied:

Re ρc(Υℓ,Υυ)
cos θ

+
Imρc(Υℓ,Υυ)

sin θ

≤ k

(
Re ρc(ℓ, υ)

cos θ
+

Imρc(ℓ, υ)

sin θ

)
for all ℓ, υ ∈ Ω such that ξ(ℓ, υ) ≥ 1 and Υℓ ̸= Υυ.
Assume further that:

(i) the operator Υ is endowed with the property of
ξ-admissibility;

(ii) the set {ℓ ∈ Ω : ξ(ℓ,Υℓ) ≥ 1} is non-empty;

(iii) either the continuity of Υ holds or the space Ω is
characterized as ξ-regular.

Under these requirements, Υ admits a fixed point. Fur-
thermore, if the condition ξ(ℓ, υ) ≥ 1 is satisfied for all
ℓ, υ ∈ Fix(Υ), then the uniqueness of the fixed point is
ensured.

If we take F(c) = ln(Re (c)
cos θ + Im (c)

sin θ ) + Re (c)
cos θ +

Im (c)
sin θ in Corollary 3.7, we get the following result:

Corollary 3.10. Consider a complete CV Branciari met-
ric space (Ω, ρc) and let Υ : Ω → Ω be a self-mapping.
Suppose that for a fixed τ > 0, a parameter θ ∈ (0, π2 ),
and a triangular function ξ : Ω × Ω → [0,∞), the
following exponential-type contraction holds:

Re ρc(Υℓ,Υυ)
cos θ

+
Imρc(Υℓ,Υυ)

sin θ
Re ρc(ℓ, υ)

cos θ
+

Imρc(ℓ, υ)

sin θ

× exp

(
Re ρc(Υℓ,Υυ)

cos θ
+

Imρc(Υℓ,Υυ)

sin θ

−
[
Re ρc(ℓ, υ)

cos θ
+

Imρc(ℓ, υ)

sin θ

])
≤ e−τ

whenever ξ(ℓ, υ) ≥ 1 and Υℓ ̸= Υυ. Furthermore,
assume the following:

(i) the mapping Υ satisfies the ξ-admissibility condi-
tion;

(ii) the set of elements {ℓ ∈ Ω : ξ(ℓ,Υℓ) ≥ 1} is
non-empty;

(iii) the requirement of Υ being continuous or Ω being
ξ-regular is fulfilled.

Then, Υ possesses a fixed point. This fixed point is
unique provided that ξ(ℓ, υ) ≥ 1 for each pair of fixed
points ℓ, υ ∈ Ω.

Example 3.11. Let A =
{

1
n2 | n = 2, 3, · · ·

}
, B =

{
0, 1}, Ω = A ∪B and define ρc : Ω× Ω → C by

ρc(ℓ, υ) =

{
1√
2n2

(1 + i); ℓ ∈ A, υ ∈ B or

ℓ ∈ B, υ ∈ A,

1√
2
(1 + i); ℓ, υ ∈ A, ℓ ̸= υ,

1√
2
(1 + i); ℓ, υ ∈ B, ℓ ̸= υ

and ρc(ℓ, ℓ) = 0 for all ℓ ∈ Ω. Define a mapping
Υ : Ω → Ω by

Υℓ =

{ 1

(n+ 1)2
, ℓ =

1

n2
∈ A,

0, ℓ ∈ B.

Define a function ξ : Ω× Ω → [0,∞) by

ξ(ℓ, υ) =

{
0; ℓ ∈ A, υ ∈ A,
1; otherwise.

Take

F(c) =

{ ln
∣∣∣c∣∣∣√∣∣∣c∣∣∣ , 0 <

∣∣∣c∣∣∣ ≤ e2,

∣∣∣c∣∣∣+ 2

e
− e2,

∣∣∣c∣∣∣ > e2.

It is easy to check that (Ω, ρc) is a complete CV Bran-
ciari metric space, Ω is ξ-regular and Υ is ξ-admissible.
Also, for ℓ0 = 1, we have ξ(ℓ0,Υℓ0) = ξ(1, 0) = 1 ≥ 1.
We want to obtain the contraction (1) in Corollary 3.7,
for τ = ln 2. For any ℓ, υ ∈ Ω with ξ(ℓ, υ) ≥ 1 and
Υℓ ̸= Υυ, we have ℓ ∈ A, υ ∈ B or ℓ ∈ B, υ ∈ A.
Therefore, we have

ρc(Υℓ,Υυ) = ρc

(
1

(n+ 1)2
, 0

)
=

1√
2(n+ 1)2

(1 + i)

and

ρc(ℓ, υ) = ρc

(
1

n2
, υ

)
=

1√
2n2

(1 + i).

Also, we have
∣∣∣ρc(Υℓ,Υυ)∣∣∣ = 1

(n+1)2 ≤ e2 and∣∣∣ρc(ℓ, υ)∣∣∣ = 1
n2 ≤ e2. Thus we shall show that

τ +
ln
∣∣∣ρc(Υℓ,Υυ)∣∣∣√∣∣∣ρc(Υℓ,Υυ)∣∣∣ ≤

ln
∣∣∣ρc(ℓ, υ)∣∣∣√∣∣∣ρc(ℓ, υ)∣∣∣ . (8)

This is equal to show that

∣∣∣ρc(Υℓ,Υυ)∣∣∣
1√√√√√

∣∣∣ρc(Υℓ,Υυ)

∣∣∣ ∣∣∣ρc(ℓ, υ)∣∣∣
− 1√√√√√
∣∣∣ρc(ℓ,υ)

∣∣∣
≤ 1

2
,
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or, equivalently(
1

(n+ 1)2

)n+1(
1

n2

)−n

≤ 1

2
,

which is equal to

n2n

(n+ 1)2n+2
≤ 1

2
.

This is true, since

n2n

(n+ 1)2n+2
=

(
n

n+ 1

)2n
1

n+ 1
≤ 1

2
.

Thus (8) and so (7) are satisfied in Corollary 3.7.
Moreover, ξ(ℓ, υ) ≥ 1 for all fixed points ℓ, υ of Υ. So,
by Corollary 3.7, Υ has a unique fixed point, which is 0
here. Note that

sup
n∈N

∣∣∣ρc(Υℓ,Υυ)∣∣∣∣∣∣ρc(ℓ, υ)∣∣∣ = sup
n∈N

1
(n+1)2

1
n2

= sup
n∈N

n2

(n+ 1)2
= 1.

So, Υ is not a Banach type contraction and so the re-
sult of Ege [38] on CV Branciari metric spaces is not
applicable in this example.

Taking F(c) = −1√∣∣∣c∣∣∣ in Theorem 3.4, we get the

following result:

Corollary 3.12. Within the framework of a complete
CV metric space (Ω, ρc), let Υ : Ω → Ω act as a self-
mapping. Suppose that for a positive constant τ > 0
and a mapping ξ : Ω × Ω → [0,∞), the following
contractive inequality is valid:

∣∣∣ρc(Υℓ,Υυ)∣∣∣ ≤
∣∣∣ρc(ℓ, υ)∣∣∣

(1 + τ

√∣∣∣ρc(ℓ, υ)∣∣∣)2 (9)

for every pair ℓ, υ ∈ Ω satisfying Υℓ ̸= Υυ and
ξ(ℓ, υ) ≥ 1. Furthermore, assume the following pre-
requisites are met:

(i) there exists at least one element ℓ0 ∈ Ω such that
ξ(ℓ0,Υℓ0) ≥ 1;

(ii) the operator Υ is ξ-admissible;

(iii) the space Ω is ξ-regular or the operator Υ is con-
tinuous.

Under these conditions, Υ attains at least one fixed point
ℓ∗ ∈ Ω. Additionally, the uniqueness of this fixed point
is secured provided that ξ(ℓ, υ) ≥ 1 for any two fixed
points ℓ, υ ∈ Ω.

4. Application to fractional integral
equations

First, we provide a brief overview of essential con-
cepts regarding fractional calculus, following the ter-
minology in [43, 44]. Consider a continuous mapping
f : [0, T ] → R. The fractional-order Riemann-Liouville
integral (where α > 0) is characterized as:

Jα0+f(w) =
1

Γ(α)

∫ T

0

(w − u)α−1f(u) du. (10)

In the limiting case where α = 0, we set J00+f(w) =
f(w) by convention.

Furthermore, for an order γ such that n − 1 < γ ≤
n and n = −[−γ], the Riemann-Liouville fractional
derivative is given by:

RLDγ
0+f(w) =

( d

dw

)n
Jn−γ
0+ f(w), (11)

where the symbol [.] represents the standard floor
(bracket) function on R.

The literature contains an extensive body of work ex-
ploring fractional integro-differential equations through
the lens of Riemann-Liouville operators (refer to [45–
52] for further details).

In our analysis, we denote the Banach space of all
real-valued continuous functions on [0, T ] by ∇ =
C([0, T ],R), which is furnished with the uniform norm:

∥ζ∥ = sup
t∈[0,T ]

|ζ(t)|.

Moreover, for any r ≥ 0, we introduce the space ∇r =
Cr([0, T ],R) as the collection of functions u : [0, T ] →
R that satisfy the condition that ur(t) = tru(t) remains
continuous. This space is equipped with the weighted
supremum norm defined by:

∥u∥r = sup
t∈[0,T ]

{tr|u(t)|}.

Ahmad and Nieto in [53] investigated the existence of
unique solution for the following Cauchy type fractional
differential equation:

RLDγ
0+f(w) = K(w, f(w)),

w ∈ [0, T ], 1 < γ ≤ 2,
(12)

with the boundary conditions of fractional order

RLDγ−2
0+ f(0+) = b0

RLDγ−2
0+ f(T−),

RLDγ−1
0+ f(0+) = b1

RLDγ−1
0+ f(T−),

(13)

where b0 ̸= 1, b1 ̸= 1 are real constants, f ∈
C2−γ([0, T ],R) and K : [0, T ]×R → R is a continuous
complex-valued function.

Lemma 4.1. [53] A function f ∈ C2−γ([0, T ],R) is a
solution of (12) with the boundary conditions (13) if and
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only if

f(w) =
1

Γ(γ)

∫ w

0

(w − u)γ−1K(u, f(u)) du

+
b1w

γ−1

(1− b1)Γ(γ)

∫ T

0

K(u, f(u)) du

+
b0w

γ−2

(1− b0)(1− b1)Γ(γ − 1)

×
∫ T

0

(T − (1− b1)u)K(u, f(u)) du.

(14)

Theorem 4.2. [53] Assume that there exists a constant
L > 0 such that

|K(t, u)−K(t, v)| ≤ L|u−v|, ∀ t ∈ [0, T ], u, v ∈ R.

Then the problem (12) with the boundary conditions
(13) has a unique solution in C2−γ([0, T ],R) if L < 1

Θ
where

Θ = T γ

[
Γ(γ − 1)

Γ(2γ − 1)

+

∣∣∣∣ b1
(1− b1)(γ − 1)Γ(γ)

∣∣∣∣
+

∣∣∣∣ b0(γ + (γ − 1)|1− b1|)
(1− b0)(1− b1)Γ(γ + 1)

∣∣∣∣ ].
In fact, Ahmad and Nieto in [53] used the Banach

contraction principle to show the existence of a unique
solution for the equation (12).

Denote by Ωr = Cr([0, T ],C) the set of all complex
valued functions f on [0, T ] which ur(t) = trf(t) is
continuous. Obviously, for any f ∈ Ωr, we have

f(t) = Ref(t) + Imf(t)i,

where Ref, Imf ∈ ∇r. Now for any f, g ∈ Ωr, define

ρr(f, g) = ∥Ref −Reg∥r + ∥Imf − Img∥ri.

Then it is easy to check that (Ω, ρr) is a complete CV
metric space and so is a complete CVBMS. In this paper,
we investigated the existence of unique solution for the
following Cauchy type fractional differential equation:

RLDγ
0+f(w) = K(w, f(w)),

w ∈ [0, T ], 1 < γ ≤ 2,
(15)

with the boundary conditions of fractional order

RLDγ−2
0+ f(0+) = b0

RLDγ−2
0+ f(T−),

RLDγ−1
0+ f(0+) = b1

RLDγ−1
0+ f(T−),

(16)

where f ∈ C2−γ([0, T ],C), b0 ̸= 1, b1 ̸= 1 are con-
stant complex numbers and K : [a, b] × C → C is
a continuous complex-valued function and the second
side function K(., f(.)) of the equality (15) does not
satisfy necessarily the Banach contraction and satisfies
a weaker contractive condition, namely F-contraction in
a CVBMS.

Lemma 4.3. A function f ∈ C2−γ([0, T ],C) is a so-
lution of (15) with the boundary conditions (16) if and
only if

f(w) =
1

Γ(γ)

∫ w

0

(w − u)γ−1K(u, f(u)) du

+
b1w

γ−1

(1− b1)Γ(γ)

∫ T

0

K(u, f(u)) du

+
b0w

γ−2

(1− b0)(1− b1)Γ(γ − 1)

×
∫ T

0

(T − (1− b1)u)K(u, f(u)) du

(17)

Proof. The proof is completely similar to the proof of
Lemma 4.1 in [53].

Theorem 4.4. Let K : [0, T ]× C → C be a continuous
complex-valued function satisfying

|ReK(t,Z1)−ReK(t,Z2)|

≤ α√
Θ

·
√

|ReZ1 −ReZ2|2 + |ImZ1 − ImZ2|2(
1 + 4

√
(t2−γ |ReZ1 −ReZ2|)2 + (t2−γ |ImZ1 − ImZ2|)2

)2
(18)

and

|ImK(t,Z1)− ImK(t,Z2)|

≤ β√
Θ

·
√

|ReZ1 −ReZ2|2 + |ImZ1 − ImZ2|2(
1 + 4

√
(t2−γ |ReZ1 −ReZ2|)2 + (t2−γ |ImZ1 − ImZ2|)2

)2 ,
(19)

for all t ∈ [0, T ] and Z1,Z2 ∈ C, where α, β are posi-
tive constant real numbers satisfying α2 + β2 = 1 and

Θ = T γ

[
Γ(γ − 1)

Γ(2γ − 1)

+

∣∣∣∣ b1
(1− b1)(γ − 1)Γ(γ)

∣∣∣∣
+

∣∣∣∣ b0(γ + (γ − 1)|1− b1|)
(1− b0)(1− b1)Γ(γ + 1)

∣∣∣∣ ].
Then, the problem (15) with the boundary conditions
(16) has a unique solution in Ω2−γ = C2−γ([0, T ],C).

Proof. Let f, g ∈ C2−γ([0, T ],C). From (18), for any
u ∈ [0, T ] we have

u2−γ |ReK(u, f(u))−ReK(u, g(u))|

≤ α

Θ
·

√
(u2−γ |Ref(u)−Reg(u)|)2 + (u2−γ |Imf(u)− Img(u)|)2(

1 + 4
√
(u2−γ |Ref(u)−Reg(u)|)2 + (u2−γ |Imf(u)− Img(u)|)2

)2 .
Taking sup on both sides of the above inequality as
u ∈ [0, T ], we get

∥ReK(u, f(u))−ReK(u, g(u))∥2−γ

≤ α

Θ
·

√
(∥Ref −Reg∥2−γ)2 + (∥Imf − Img∥2−γ)2(

1 + 4
√
(∥Ref −Reg∥2−γ)2 + (∥Imf − Img∥2−γ)2

)2 .
(20)
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Similarly, from (19), we get

∥ImK(u, f(u))− ImK(u, g(u))∥2−γ

≤ β

Θ
·

√
(∥Ref −Reg∥2−γ)2 + (∥Imf − Img∥2−γ)2(

1 + 4
√
(∥Ref −Reg∥2−γ)2 + (∥Imf − Img∥2−γ)2

)2 .
(21)

Define a mapping Υ : C2−γ([0, T ],C) →
C2−γ([0, T ],C) with

Υ(f)(w) =
1

Γ(γ)

∫ w

0

(w − u)γ−1K(u, f(u)) du

+
b1w

γ−1

(1− b1)Γ(γ)

∫ T

0

K(u, f(u)) du

+
b0w

γ−2

(1− b0)(1− b1)Γ(γ − 1)

×
∫ T

0

(T − (1− b1)u)K(u, f(u)) du.

(22)

By Lemma 4.3, it is sufficient to show that there is
a unique fixed point for the mapping Υ. Let f, g ∈
C2−γ([0, T ],C). For all t ∈ [0, T ], from (18), (20), (21)
and (22), we have

w2−γ |ReΥ(f)(w)−ReΥ(g)(w)|

≤ w2−γ

Γ(γ)

∫ w

0

(w − u)γ−1

× |ReK(u, f(u))−ReK(u, g(u))| du

+

∣∣∣∣ b1w

(1− b1)Γ(γ)

∣∣∣∣
×
∫ T

0

|ReK(u, f(u))−ReK(u, g(u))| du

+

∣∣∣∣ b0
(1− b0)(1− b1)Γ(γ − 1)

∣∣∣∣ ∫ T

0

|T − (1− b1)u|

× |ReK(u, f(u))−ReK(u, g(u))| du

≤
[
w2−γ

Γ(γ)

∫ w

0

(w − u)γ−1uγ−2 du

+

∣∣∣∣ b1w

(1− b1)Γ(γ)

∣∣∣∣ ∫ T

0

uγ−2 du

+

∣∣∣∣ b0
(1− b0)(1− b1)Γ(γ − 1)

∣∣∣∣
×
∫ T

0

|T − (1− b1)u|uγ−2 du

]
× ∥ReK(u, f(u))−ReK(u, g(u))∥2−γ

≤ T γ

[
Γ(γ − 1)

Γ(2γ − 1)
+

∣∣∣∣ b1
(1− b1)(γ − 1)Γ(γ)

∣∣∣∣
+

∣∣∣∣ b0(γ + (γ − 1)|1− b1|)
(1− b0)(1− b1)Γ(γ + 1)

∣∣∣∣ ]
× ∥ReK(u, f(u))−ReK(u, g(u))∥2−γ

≤ T γ

[
Γ(γ − 1)

Γ(2γ − 1)
+

∣∣∣∣ b1
(1− b1)(γ − 1)Γ(γ)

∣∣∣∣
+

∣∣∣∣ b0(γ + (γ − 1)|1− b1|)
(1− b0)(1− b1)Γ(γ + 1)

∣∣∣∣ ]

× α

Θ

·

√
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ(

1 + 4

√
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ

)2
= α·

·

√
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ(

1 + 4

√
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ

)2 .
Similarly, from (18), (20), (21) and (22),

w2−γ |ImΥ(f)(t)− ImΥ(g)(t)|

≤ β ·

√
∥Ref − Img∥22−γ + ∥Ref − Img∥22−γ(

1 + 4

√
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ

)2 .
Taking sup on t ∈ [0, T ], in the above inequalities,

and squaring them, we get

∥ReΥ(f)−ReΥ(g)∥22−γ

≤ α2 · ∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ(
1 + 4

√
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ

)4
and

∥ImΥ(f)− ImΥ(g)∥22−γ

≤ β2 · ∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ(
1 + 4

√
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ

)4 .
Adding the above two inequalities, we have

∥ReΥ(f)−ReΥ(g)∥22−γ

+ ∥ImΥ(f)− ImΥ(g)∥22−γ

≤
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ(

1 + 4

√
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ

)4 .
Taking 4

√
·, we have

4

√
∥ReΥ(f)−ReΥ(g)∥22−γ + ∥ImΥ(f)− ImΥ(g)∥22−γ

≤
4

√
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ

1 + 4

√
∥Ref −Reg∥22−γ + ∥Imf − Img∥22−γ

.

Therefore

√∣∣∣ρ2−γ(Υ(f),Υ(g))
∣∣∣ ≤

√∣∣∣ρ2−γ(f, g)
∣∣∣

1 +

√∣∣∣ρ2−γ(f, g)
∣∣∣ .

Squaring two sides of the above inequality, we have

∣∣∣ρ2−γ(Υ(f),Υ(g))
∣∣∣ ≤

∣∣∣ρ2−γ(f, g)
∣∣∣

(1 +

√∣∣∣ρ2−γ(f, g)
∣∣∣)2 .
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Taking τ = 1, we have

∣∣∣ρ2−γ(Υ(f),Υ(g))
∣∣∣ ≤

∣∣∣ρ2−γ(f, g)
∣∣∣

(1 + τ

√∣∣∣ρ2−γ(f, g)
∣∣∣)2

which is (9), for all f, g ∈ Ω2−γ . Define ξ : Ω2−γ ×
Ω2−γ → [0,∞) with ξ(f, g) = 1 for all f, g ∈ Ω2−γ .
Now all of the conditions of Corollary 3.12 are satis-
fied. Thus, Υ has a unique fixed point in Ω2−γ =
C2−γ([0, T ],C). So, the fractional differential equa-
tion (15) with the boundary conditions (16) has a unique
solution in C2−γ([0, T ],C).

Example 4.5. We focus our analysis on the following
fractional differential equation:

RLD
3
2

0+f(w) =

( √
π

8
√
3(18 + π)

e−t (Ref(t))2 + (Imf(t))2

1 + t(Ref(t))2 + (Imf(t))2

)
+

( √
2π

8
√
3(18 + π)

sin t
(Ref(t))2 + (Imf(t))2

1 + t(Ref(t))2 + (Imf(t))2

)
i;

t ∈ [0, 1], f ∈ C 1
2
([0, 1],C) ∩B 3−

√
5

4

(0),

(23)
where

B 3−
√

5
4

(0) =
{
f ∈ C([0, 1],C) : ∥f∥ ≤ B 3−

√
5

4

(0)
}

(∥f∥ = sup{
∣∣∣f(t)∣∣∣ : t ∈ [0, 1]}) with the boundary

conditions of fractional order

RLD
− 1

2

0+ f(0
+) = 3

2
RLD

− 1
2

0+ f(1
−),

RLD
1
2

0+f(0
+) = 1

2
RLD

1
2

0+f(1
−).

(24)

Here we have

γ = 3
2 , T = 1, α =

√
1
3 , β =

√
2
3 , b0 = 3

2 , b1 = 1
2 .

A direct computing shows that Θ = 2(18+π)√
π

. Here

K(t,Z) =

( √
π

2
√
3(18 + π)

e−t

(ReZ)2 + (ImZ)2

1 + t[(ReZ)2 + (ImZ)2]

)
+

( √
2π

2
√
3(18 + π)

sin t

(ReZ)2 + (ImZ)2

1 + t[(ReZ)2 + (ImZ)2]

)
i.

First note that for any Z1,Z2 ∈ B 3−
√

5
4

(0) and for any

t ∈ [0, 4] we have∣∣∣∣ |Z1|2

1 + t|Z1|2
− |Z2|2

1 + t|Z2|2

∣∣∣∣
=

(|Z1| − |Z2|)(|Z1|+ |Z2|)
(1 + t|Z1|2)(1 + t|Z2|2)

≤ |Z1 −Z2|
3−

√
5

2

=
|Z1 −Z2|

3+
√
5

2

=
|Z1 −Z2|

(1 +

√
3−

√
5

2 )2

≤ |Z1 −Z2|
(1 +

√
|Z1|+ |Z2|)2

≤ |Z1 −Z2|

(1 +
√√

t|Z1 −Z2|)2
.

Now, for any t ∈ [0, 1], we have

|ReK(t,Z1)−ReK(t,Z2)|

=

∣∣∣∣ √
π

2
√
3(18 + π)

e−t

× (ReZ1)
2 + (ImZ1)

2

1 + t[(ReZ1)2 + (ImZ1)2]

−
√
π

2
√
3(18 + π)

e−t

× (ReZ2)
2 + (ImZ2)

2

1 + t[(ReZ2)2 + (ImZ2)2]

∣∣∣∣
≤

√
π

2
√
3(18 + π)

∣∣∣∣ (ReZ1)
2 + (ImZ1)

2

1 + t[(ReZ1)2 + (ImZ1)2]

− (ReZ2)
2 + (ImZ2)

2

1 + t[(ReZ2)2 + (ImZ2)2]

∣∣∣∣
≤

√
π

2
√
3(18 + π)

·
√

|ReZ1 −ReZ2|2 + |ImZ1 − ImZ2|2(
1 + 4

√
t[|ReZ1 −ReZ2|2 + |ImZ1 − ImZ2|2]

)2
= α

Θ
·

√
|ReZ1 −ReZ2|2 + |ImZ1 − ImZ2|2(

1 + 4
√
t[|ReZ1 −ReZ2|2 + |ImZ1 − ImZ2|2]

)2 .
Similarly,

|ImK(t,Z1)− ImK(t,Z2)|

≤ β

Θ
·

√
|ReZ1 −ReZ2|2 + |ImZ1 − ImZ2|2(

1 + 4
√
t[|ReZ1 −ReZ2|2 + |ImZ1 − ImZ2|2]

)2 .
Also, we have α2 + β2 = 1

3 + 2
3 = 1. We see that all of

the conditions of Theorem 4.4 are satisfied and so the
fractional differential equation (23) with the boundary
conditions (24) has a unique solution in C 1

2
([0, 1],C) ∩

B 3−
√

5
4

(0).

5. Conclusions
In this study, we established several fixed point results
for Wardowski-type admissible contractions within the
framework of CVBBMS. To demonstrate the validity
of our theoretical findings, a concrete example was pro-
vided. Furthermore, the practical significance of these
results was highlighted through an application to the ex-
istence of solutions for fractional differential equations.
The criteria developed herein provide robust sufficient
conditions for the existence of fixed points for such con-
tractive operators in complex-valued structures.

Moving forward, several promising directions for fu-
ture inquiry are identified. One potential extension in-
volves investigating common fixed points for pairs of
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mappings that satisfy Wardowski-type contractive condi-
tions in CVBBMS. Additionally, exploring the existence
of coupled fixed points for bivariate Wardowski-type ad-
missible contractions presents an interesting challenge.
Lastly, extending these concepts to multi-valued oper-
ators and examining their implications for fractional
differential inclusions in CVBBMS could provide sig-
nificant insights into the field.
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