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Abstract:
Purpose: Because of the linearized and simplified models, many of the existing methods for stability analysis
cannot accurately simulate the real flight behavior of the flexible vehicles, so non-linear models with minimum
simplification should be employed instead. However, due to the need to simultaneously solve coupled complex
structural and aerodynamic equations in each time step, such models require massive calculations, greatly
reducing the simulation speed and increasing the run time.
Approach: In this research, the volume of computations in each time step was reduced by appropriate lookup
tables made from some pre-performed calculations, and as a result, a higher execution speed of the simulation
was achieved. With this new strategy, the role of various design inputs, such as structure stiffness, which is
usually represented by the natural frequency, exerted maneuvering acceleration, propulsion force function,
and roll speed on trajectory, collision accuracy, and flight stability of a flexible projectile can be achieved.
Only the role of thrust function and structure flexibility has been addressed in this research.
Findings: The results show that the inherent inaccuracies in the thrust force (inherent deviation and out-
centering) and reduction of the natural frequencies increase the effect of aeroelasticity and the probability of
the flight instability of the projectile in open-loop flights.
Originality/Value: General (Classic) flight simulations often neglect elastic properties, which can sometimes
result in significant errors. Taking the aeroelasticity into account would result in massive calculations and
computational time costs, on the other hand. This paper makes the simulation velocity much faster (to
somehow close to a rigid projectile simulation) by using some pre-prepared look-up tables from existing
aeroelastic run-time computations. This method has not been employed in similar aeroelastic calculations
reported in the literature.
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1. Introduction

Aeroelasticity is expressed as the interaction between
aerodynamic and structural deformations and is divided
into static and dynamic. In static aeroelasticity, the iner-
tial loads (structural vibrations) are ignored. In contrast,
in dynamic aeroelasticity, the deformation of the struc-
tures due to these inertial loads causes vibration and

cannot be disregarded. Many studies about aeroelastic-
ity have been devoted to instability phenomena such as
divergence, flutter, and control reversal. In these studies,
the state equations have been linearized, and the stabil-
ity analysis has been performed around the equilibrium
point or the trim flight level.

One of the initial researchers (Kirsch, 1965) derived
the equations of motion for a flexible projectile using
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Lagrange’s equations. This way, linearized equations of
motion are transferred to the steady-state space to ex-
amine the projectile’s stability. Mierovitch and Nelson
(Mierovitch, 1966) used the same equations to study the
aeroelastic stability of a high-spin satellite with flexible
components. (Platus, 1992) investigated the stability
and designed a controller for a spinning flexible projec-
tile with a slender body. In this article, the associated
equations of motion have been linearized around a trim-
point condition then critical dynamic pressure and the
roll spin velocity related to aeroelastic instability were
determined.

Most of the studies about flexible projectile stabil-
ity (Khoshnood, et al., 2010) & (Elyada, March-April
1989), are based on linearized equations of motion and
transformed equations to state space. This study investi-
gated the effects of the structure’s stiffness distribution
on the aeroelastic stability of the projectile and the opti-
mum configuration with the highest values of dynamic
pressure without divergence. As a result, the role of
nonlinear and coupling expressions has been neglected.
Of course, this linearization does not cause a significant
inaccuracy in aeroelastic analysis, because if a linearized
equation becomes unstable, an allowable range for the
dynamic pressure would be more limited, resulting in
a more conservative design, and also the stability mar-
gin is decreased (Shamaghdari & Nikravesh, 2012) &
(Kantor & E. Raveh, 2019).

(Bernhammer, et al., 2017) & (Riso & Cesnik, 2023)
introduce a new approach for aeroelastic analysis of
slender flight vehicles with large deformation. They
use the corotational method with a divided or meshed
body method, in which the deformation of each segment
is computed using a linear model in a local and then
moved into its global position by applying large, rigid-
body displacements.

In simulation-based or time-based stability analyses
(Looye, 1999), there is no need for linearization and
omitting coupling terms, so the equations can be applied
in their original form (Chen, et al., August 2008) &
(Silva, 2018); So, it is expected that better accuracy
and perception for flight and stability behavior can be
achieved (Pourtakdust & Assadian, 2004); This device
can also predict field & experimental tests and reduce
cost and time. However, for complex and complete
geometries, experimental tests are at least necessary for
verification (Ning, et al., 2016).

In time-based analyses, determination of the exact
flight condition of instability, i.e., specified velocity and
dynamic pressure, is difficult due to the continuous and
gradual nature of the behavior of quantities (See Result
section, item 9.4). In studies with time-domain analysis,
(Gil Annes da Silva, et al., 2013) & (Sahu, 2006) have
investigated the aeroelastic stability of a sounding rocket
by using the Z-Aero software for simultaneous solving
of the structural and aerodynamic equations. In this
study, flutter analysis was performed based on the time
variable generalized function.

The advantages of the flexible projectile simulation

are not limited to stability analysis, which can be used in
various areas such as guidance and control systems (M.
da Fonseca, et al., 2007), (Khoshnood, et al., 2010) &
(Khoshnood, et al., 2008), positioning and performance
of sensor devices (Pourtakdust & Assadian, 2004), pre-
liminary design (Kantor & E. Raveh, 2019), differences
in aerodynamic loads, effects of follower force, i.e., sta-
bility problem due to thrust (wu, et al., 2012), (Xu, et
al., 2016), (Chae, July 2004) and (Hodges, 2004), simu-
lation and trajectory analysis, etc.

Simulation and trajectory analysis (collision accuracy)
are investigated in this research. In practice, flight sim-
ulation is useful in preliminary design (Elyada, 1989)
and optimization (Nikbay, et al., 2013). In the presented
article we will show that in unguided projectiles (in the
absence of control commands that cause lateral loads)
with medium to high natural frequencies (conventional
design with ordinary slenderness ratio and stiffness), the
aeroelastic effects rarely lead to flight instability and
only cause trajectory unmatching; Therefore, flexibility
only changes the flight quantities and accuracies rather
than changing the stability attitude. It will show that
high inherent inaccuracies in thrust force increase lateral
loads and therefore affect aeroelasticity, which can lead
to instability other than mis-trajectories.

2. Extraction equations of motion

The velocity vector of each mass element (V⃗i) which
is used for computing kinetic energy, and wind-body
angle distribution is computed by using the Coriolis
law as follows (Elyada, 1989), (Kirsch, 1965), (Silva
& Roberto, 2013), (Pourtakdust & Assadian, 2004) and
(Platus, 1992):

V⃗i =


U +Qz −Ry

V +Rx− Pz

W + Py −Qz
R

+

{
Q
∑Ne

i=1 ϕiξi −R
∑Ne

i=1 ϕiηi∑Ne

i=1 ϕiηi − P
∑Ne

i=1 ϕiξi
E

(2.1)

ηi(t) and ξi(t) are the generalized coordinates or dis-
placements in y and z directions of the body axis, re-
spectively. In this paper, we intend to compare the con-
tributions of rigid and elastic terms; thus, the equations
have been designated by R and E subscripts, respectively.
ϕi(x) is the mode shape function, which, according to
the high slenderness ratio of most projectiles, is com-
puted from the Euler-Bernoulli beam theory, subjected
to axial force distribution Faxial(x) with free-free con-
ditions on its two ends; Structure deformations must
also be in the linear ranges: So, ϕi(x) is taken from the
following equation (Heng & Yin, September 2019) &
(Xu, et al., 2016):
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m(x)ω2
i ϕi(x) +

∂2

∂x2

[
E(x)Izz(x)

∂2ϕi(x)

∂x2

]
x

+
∂

∂x

[
Faxial(x)

∂ϕi(x)

∂x

]
= 0

(2.2)

Faxial(x) is the distribution of axial force in the lon-
gitudinal axis of the projectile, which is computed as
below (Xu, et al., 2016):

Faxial(x) = Fthrust −Faxial drag(x)−m(x)× aaxial
(2.3)

In the above equation, FAxialDrag(x), is the axial
aerodynamic drag force and aAxial is the projectile’s ax-
ial acceleration. Due to the infinite degrees of freedom
in the motion of a flexible projectile, the Lagrangian
approach was applied to derive the equations of mo-
tion. The equations (4-6) are related to translational
motion; The equations (7-9) are related to rotational mo-
tion; Two groups of equations for transverse vibration
(10 and 11) have the number as the considered modes
(Ne) which are the generalized coordinates ηi and ξi
are extracted from them respectively (Khoshnood, et al.,
2010), (Khoshnood, et al., 2008) and (Raptis, 2007):

U̇ =
Fx

M
+
[
RV −QW − ṀU

]
R

(2.4)

V̇ =
Fy

M
+
[
PW −RU − ṀV

]
R

(2.5)

Ẇ =
Fz

M
+
[
QU − PV − ṀW

]
R

(2.6)

Ṗ =
1

Ixx +
∑Nc

i=1 mi(η2i + ξ2i )

[
Mx − ixxP

+
( Nc∑

i=1

mi(η̇iξi − ηiξ̇i)

+ (Q2 −R2)

Nc∑
i=1

miηiξi

− 2P

Nc∑
i=1

mi(η̇iξ̇i + ξiξ̇i)

+QR

Nc∑
i=1

mi(ξ
2
i − η2i )

)]

(2.7)

Q̇ =
1

I +
∑Nc

i=1 miξ2i

[
My − iQ+ PR(I − Ixx)

+
(
− PR

Nc∑
i=1

miξ
2
i

+ (Ṙ− PQ)

Nc∑
i=1

miηiξi

− 2Q

Nc∑
i=1

miξiξ̇i

+ 2R

Nc∑
i=1

miη̇iξi

)]
(2.8)

Ṙ =
1

I +
∑Nc

i=1 miη2i

[
Mz − iR− PQ(I − Ixx)

+
(
PQ

Nc∑
i=1

miη
2
i

+ (Q̇+ PR)

Nc∑
i=1

miηiξi

− 2R

Nc∑
i=1

miηiξ̇i

+ 2Q

Nc∑
i=1

miηiξ̇i

)]
(2.9)

η̇i =
Qηi
mi

− 2µiωiη̇i + (P 2 +R2 − ω2
i )ηi

+ 2P ξ̇i + (Ṗ −QR)ξi

(2.10)

ξ̇i =
Qξi
mi

− 2µiωiξ̇i + (P 2 +Q2 − ω2
i )ξi

− 2P η̇i − (Ṗ +QR)ηi

(2.11)

In the above equations, M ′ indicates the ratio of the
projectile’s propellant burning rate or mass rate (Ṁ ) to
the initial mass (M ); The rate of the axial moment iner-
tia (Ixx) can be ignored commonly due to its near-zero.
In the equations of the translational velocities, the di-
rect role of flexibility isn’t seen due to a few simplistic
assumptions. However, in equations related to angular
velocities (equations 7-9), the direct role of flexibility
is evident and non-negligible. It can also be observed
that flexibility produces such new expressions or quanti-
ties that could not be pointed out in rigid equations. For
example, the terms

∑Ne

i=1 miξ
2
i and

∑Ne

i=1 miη
2
i are con-

sidered as elastic rotational inertia. These expressions
also introduce coupling between the rigid and elastic ex-
pressions, which is ignored in stability analysis methods
based on linearization.
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3. Distribution of the wind-body angles
Unlike the rigid model, the angles of attack and side-
slip of the flexible projectile (ae, βe) will be variable
along the body due to its deformations and vibrations,
so the distribution of the wind-body angles must be
determined. According to the definition of these angles,
their distribution can be expressed as:

ae(x, t) =

[
ar −

Qxl(x)

Vco

]
R

+
1

Vco

[ Ne∑
i=1

ϕi(x)ξ̇i(t)

+
P

Vco

Ne∑
i=1

ϕi(x)ηi(t)

−
Ne∑
i=1

ϕ̇i(x)ξ̇i(t)
]
E

(3.1)

βe(x, t) =

[
βr +

Rxl(x)

Vco

]
R

+
1

Vco

[ Ne∑
i=1

ϕi(x)η̇i(t)

− P

Vco

Ne∑
i=1

ϕi(x)ξ̇i(t)

−
Ne∑
i=1

ϕ̇i(x)ηi(t)
]
E

(3.2)

where
[
ar − Qxl

Vco

]
R

and
[
βr +

Rxl

Vco

]
R

are the rigid
parts of the wind body angles and the expressions related
to flexibility are denoted by the subscript E. It should be
noted that terms (ar, βr) just because of the similarity of
the calculations shown by the subscript r and they indeed
indirectly depended on the structure’s deformation.

4. Calculation of the aerodynamic loads
The quasi-stable method is applied to calculate the aero-
dynamic loads so that the aerodynamic coefficients are
multiplied by the instantaneous values of the wind-body
angles (Yin, et al., 2016). This assumption is only valid
for the cases where the structure’s natural frequencies are
remarkably higher than the aerodynamic loads chang-
ing frequencies (Gil Annes da Silva, et al., 2013) &
(Elyada, 1989). Since the body coordinate has been
used to describe the equations of motion, the aerody-
namic coefficients and loads are expressed in the same
coordinate instead of the stability coordinate. The gen-
eral relation for calculating the aerodynamic loads is as
follows (Looye, 1999):

FAx′FAy′FAz = QcoSref (Cx, Cy, Cz) (4.1)

MAx′MAy′MAz = QcoSrefd(Ci, Cm, Cn) (4.2)

The subscript A represents the aerodynamic forces
and moments. Due to the variation of the wind-body
angles along the body, a distribution of aerodynamic
coefficients should be used instead of constant values.
In Figure 1, the distribution of the normal lift slope
coefficients along the body length, i.e., Cy & Cz are
shown in the different angles of attack (Hodges, 2004).

Figure 1. The case study geometry with its distribution of the normal
force slope Czα or Cyβ

In general, the relations for calculating aerodynamic
force (Cx, Cy, Cz) and moment (Cl, Cm, Cn) coeffi-
cients are (Shamaghdari & Nikravesh, 2012):

Cx =

∫ l

0

(Cxα(x)α(x) + Cxβ(x)β(x)) dx

+ Cx0 + Cxpp
d

2V
+ Cxδδ

(4.3)

Cy =

∫ l

0

(Cyα(x)α(x) + Cyβ(x)β(x)) dx

+ Cy0 + Cypr
d

2V
+ Cyδδr

(4.4)

Cz =

∫ l

0

(Czα(x)α(x) + Czβ(x)β(x)) dx

+ Cz0 + Czpq
d

2V
+ Czδδe

(4.5)

Cl =

∫ l

0

(Clα(x)α(x) + Clβ(x)β(x)) dx

+ Cl0 + Clpp
d

2V
+ Clδδa

(4.6)

Cm =

∫ l

0

(Cmα(x)α(x) + Cmβ(x)β(x)) dx

+ Cm0 + Cmqq
d

2V
+ Cmδδe

(4.7)

 https://doi.org/cna.2025.hpsm-8n90

https://doi.org/cna.2025.hpsm-8n90


Faveadi et al., Communications in Nonlinear Analysis 2025, 13(2) 79

Cn =

∫ l

0

(Cnβ(x)β(x) + Cnδ(x)δ(x)) dx

+ Cn0 + Cnpr
d

2V
+ Cnδδr

(4.8)

Due to the geometry and flight conditions, not all
of the aerodynamic coefficients have the same effect
and importance; For example, some derivatives such as
CZα and CY β can be negligible compared to the CZα

and CY β coefficients. Even though it is necessary to
pay attention to the wind-body angle rates compared
to their magnitudes. Also, it is important to consider
the effects of the angular velocities in the wind-body
angular distribution, i.e.,

Qx1(x)

V∞
and

Rx1

V∞

are considered, then the aerodynamic coefficients
CZq, CY r, Cnr and Cmq should be eliminated in aero-
dynamic load calculations. There is another way to keep
them and remove terms

Qx1

V∞
and

Rx1

V∞

from the wind-body angle distribution: In this way, aero-
dynamic coefficients can be computed as below:

Clα =

∫ l

0

Cxα(x)xl(x)dx

& Clβ =

∫ l

0

Cxβ(x)xl(x)dx

(4.9)

Cmα =

∫ l

0

Czα(x)xl(x)dx

& Cmβ =

∫ l

0

Czβ(x)xl(x)dx

& Czα =
2

d

∫ l

0

Czα(x)xl(x)dx

(4.10)

Cnβ =

∫ l

0

Cyβ(x)xl(x)dx

& Cnγ =

∫ l

0

Cyγ(x)xl(x)dx

& Cyγ =
2

d

∫ l

0

Cyβ(x)xl(x)dx

(4.11)

The aerodynamic coefficients can be calculated using
any numerical or reliable analytical method. The coef-
ficients that are considered without distribution along
the body like Cl0, Cm0, Cn0, Czq, Cxq, Clr, Clp, Cyp

etc are called rigid aerodynamic coefficients. These coef-
ficients are independent of the distribution of wind-body
angles and can be called from previous lookup tables
of the rigid one. As mentioned, the other derivatives
such as Cnβ and Cmα are also calculated indirectly by
taking moments from the aerodynamic force coefficients
distribution relative to the C.G. according to equations
(23) to (24).

5. Thrust force inclination due to body
deformations

Thrust deviation initially produced by inherent deviation
from manufacturing inaccuracy and structure deforma-
tion in flight: These undesirable forces and moments
cause mal-trajectory, miss-targeting, flight instability,
and unwanted effects on the guidance loop. The inher-
ent error can be modeled as fixed or random values (for
example, white noise with the Gaussian model), either
of which can be true depending on the conditions of
the problem. In this study, constant values are consid-
ered for this. Structural deformations are almost caused
by lateral loads, which in turn depend on aerodynamic
factors, command loads, and the inherent deviation of
the propulsion. The components of the thrust force
due to the inherent deviation and structure deformation
(FTDeviation

) are calculated as below (Xu, et al., 2016):

FTDeviation
=

cos θTx−y cos θTx−z

sin θTx−y cos θTx−z

− sin θTx−z

FTThrust

(5.1)
Which θTx−y and θTx−z are the total (inherent devi-

ation + structural deformation) deviation angles of the
thrust force related to the xy and xz planes and com-
puted as below:

θT = θr + θx{
θTx−y

= θIx−y
+ θη

θTx−z
= θIx−z

+ θξ
(5.2)

θIx−y and θIx−z are the inherent deviation angles of
the thrust force related to the xy and xz planes; The
elastic deflection angles (θηe

, θξe) are also calculated as
follows (Khoshnood, et al., 2008):

θηe
(t) =

∞∑
i=1

ϕi(xthrust)ηi(t)

θξe(t) =

∞∑
i=1

ϕi(xthreshold)ξi(t)

(5.3)

By substituting relation (27) into (26) and then into
(25), the components of the deviated thrust force vector
are obtained as follows:

F⃗TDeviation
=



cos

(
θIx−y +

∞∑
i=1

ϕi(xthrust)ηi(t)

)

cos

(
θIx−z +

∞∑
i=1

ϕi(xthreshold)ξi(t)

)

sin

(
θIx−y +

∞∑
i=1

ϕi(xthrust)ηi(t)

)

cos

(
θIx−z +

∞∑
i=1

ϕi(xthreshold)ξi(t)

)
− sin (θIx−z +

∑∞
i=1 ϕi(xthrust)ξi(t))



T

(5.4)
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Which ϕ̇i(xthrust) is the derivation (slope) of the
eigenfunctions at the acting point of the thrust force;
Finally, the thrust moment caused by the elastic and
inherent deflection (MTDeviation

) is calculated from the
equation below:

MTDeviation
= FTDeviation

× rTDeviation
(5.5)

The distance of the thrust force’s acting point relative
to the instantaneous projectile’s C.G. position, namely
rTDeviation

is calculated by the way of equation (30):

r⃗TDeviation
=

∆Tx−y
+
∑∞

i=1 ϕi(xthrust)ηi

∆Tx−z +
∑∞

i=1 ϕi(xthrust)zi


(5.6)

Which ∆Tx−y and ∆Tx−z are the inherent eccentricity
of the thrust force in xy and xz planes; The thrust func-
tion or curve is another important item in flight stability
and aeroelastic response; Various thrust functions, even
with the same propulsion energy, have different effects
on the mentioned items; Because various thrust func-
tions have different propulsion-specific impulses (Isp),
burning times, and mass rate; So, they have different
rates of mass and moment of inertia (ṁ & İ), different
natural frequency variations. All of these properties are
important factors in aeroelastic response and flight sta-
bility. According to (Equations 4 & 5), various thrust
functions result in different mass rates and consequently
different variations in axial force and natural frequencies;
These items are very influential in aeroelastic behavior
(See result section).

6. Case Study and input data
In this article, a case study is a flexible projectile with
propulsion; The projectile’s geometry is shown in Fig-
ure 1. In most articles related to stability analysis of
flexible projectiles, case studies are with no thrust force,
and especially with any inaccuracy in it (Elyada, 1989).
These inherent inaccuracies, comprised of structural de-
formation, produce unwanted and unpredictable force
and moment elements that cause miss-distance, unde-
sirable trajectory, flight instability, and other adverse
consequences. All of the input data and properties that
are used for simulation are presented in Table 2, and the
nomenclature is given in Table 1.

7. Modeling & simulating
All of the equations and relations of the flexible projec-
tile’s motion are modeled in the Simulink environment
of MATLAB software (J. Diston, 2009), (Gupta, 1991)
& (Khoshnood, et al., 2008); This environment provides
users marvelous capabilities such as lookup tables, math
functions, display & monitoring tools, block-diagram
& module-form structure, etc. Simulation’s subsystems
include N-DOF equations of motion, Environment con-
ditions, Wind-body angles distribution, Aerodynamic
loads, Thrust & Mass functions, Generalized Forces,

Stability checking, Dynamic stresses and strains, etc.
Figure 2 shows a section of this simulation; Some blocks
may themselves contain many sub-block diagrams, look-
up tables, interface codes, etc.

Figure 2. A section from the home page of flexible projectile flight
simulation software.

The Blocks Equations of motion and orientation, Cal-
culation of aerodynamic loads, Effects of propulsion’s
deflection, Generalized loads, and Resultant of forces
and moments are known.

8. Making the simulation faster

A great novelty in this research is the implementation
of look-up tables made from some pre-computed cal-
culations to reduce run-time computations and increase
simulation velocity. As mentioned before, for computing
aerodynamic loads (Equations 14 & 15), the distribu-
tion of the aerodynamic coefficients as well as α(x) and
β(x), must be determined according to the structure
deformations for various flight conditions at each time
step. These are time-consuming processes and impair
the real-time capability of the simulation. To alleviate
the problem, the distribution of aerodynamic coefficients
and their multiplication expressions were pre-calculated
and imported as look-up tables. During simulation, the
required data is just called from look-up tables depend-
ing on the segment under consideration on the body,
mode number, and flight conditions. The same proce-
dure is also used for the aerodynamic and generalized
loads computations. This strategy remarkably enhances
the simulation run speed while retaining the advantages
of a real-time and elastic simulation and can be used in
onboard flight computers. The methodology has been
implemented in the Simulink environment of MATLAB
software, as shown in Figure 3 in which the lookup
tables are distinguishable by the yellow color blocks.

During simulation, the required data are just called
from look-up tables according to the geometry’s ele-
ment number, mode number, and aerodynamic condi-
tions, including wind-body angles values, Mach, and
Reynolds numbers. We use this process to compute
the aerodynamic & generalized loads and wind-body
angle distributions. Using this strategy, the simulation
run speed is significantly increased, and it can perform
real-time simulations used in onboard flight processors
or computers.
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Table 1. Nomenclature: Latin and Greek characters

Latin Characters Latin Characters
d Projectile diameter (m) Q∞ Aerodynamic pressure (Pa)
Fx, Fy, Fz Resultant forces in body coordinate Sref Aerodynamic reference surface (m6)
Fthrust Projectile’s thrust force V∞ Speed of free stream (m/s)
Iyy = I, Ixx Moment of inertia (kg ·m2) xl(x) Distance from C.G. to mesh for aerodynamics
l Projectile’s length xthrust Distance of thrust from C.G.
Mx,My,Mz Resultant moments in body coordinate [x y z] Vector components from C.G. to mass element
mi Generalized mass for vibration modes U, V,W Linear velocity components of C.G.
m(x) Mass distribution of projectile P,Q,R Angular velocity components
Qqi Generalized loads for qi (ηi & ξi)

Greek Characters Greek Characters
µi Generalized damping coefficient ρ(x) Density distribution along body
ωi Natural frequencies of projectile ϕ, θ, ψ Euler angles (rad)

Table 2. Input data for simulation

Parameter Value
Initial mass (Full fuel) 1800 kg Final mass (Empty fuel) 1000 kg
Projectile length 5 m Projectile diameter 0.5 m
Booster length 2.54 m Booster diameter 0.7 m
Thrust magnitude (80, 130, 400) kN Thrust burning time (30 & 15) s
Initial thrust misalignment 1 mm for xy & xz planes Initial thrust deviation 0.1◦ about xy & xz planes
Initial velocity (U0, V0,W0) (10, 0, 0) m/s Initial angular velocity (P0, Q0, R0) (0, 0, 0) rad/s
Initial position (0, 0, 10) m Initial Euler angles (ψ0, θ0, ϕ0) (0, 50, 0)◦

Natural frequencies (Hz)
High stiffness Medium stiffness

36, 100, 197, 326, 488, 681, 907 18, 51, 164, 245, 343, 456

Generalized damping ratio
0.01, 0.02, 0.03, 0.05, 0.07, 0.11, 0.15

Figure 3. A section from the block diagram related to calculating
the wind-body angle distribution. Look-up tables are seen as yellow
rectangular blocks.

9. The simulation validation and reliability

Validation of the input quantities includes the aerody-
namic coefficient distribution, mass distribution, stiff-
ness, natural frequencies, and vibration modes. For the
aerodynamic coefficients, the resultant of the distribu-
tion of the elastic coefficients and their resultant moment
about the C.G. (for the moment coefficients) must be
equal to the rigid coefficients. According to Figure 1, to
validate the distribution of the aerodynamic coefficients,
their integral, and also their moment about the C.G.,
according to each α or β must be equal to the amount
of the normal force coefficients CNα (which is Czα or
Cyβ) and the corresponding aerodynamic moment coef-
ficients, i.e., Cmα or Cnβ in the rigid model (Yuan, et
al., 2021). For the simulation verification and validation,
approaches are extensive and somewhat complicated,

and the discussion about this is out of the scope of this
article. But briefly, it can be said that some standard
maneuvers and flight conditions are used in this about.
In the presented article, we have a rigid body simulation
that was validated with so many cases and field tests.
As expected, when structure stiffness tends to have high
values, both the rigid and elastic models must show the
same behavior and results, which will be shown in the
following (Result-Section 10.1).

10. Results & Discussions

It is predicted that from the equations of motion and
other constitutive relations that some design parameters
like structure stiffness which is often represented by
natural frequencies, thrust force function and its mis-
alignment or inaccuracies, rolling velocity, rate of mass,
and moment of inertia variation, initial and boundary
conditions, aerodynamic condition, command loads, etc.,
have remarkable impacts on a flexible projectile trajec-
tory and instability. The role of structure stiffness, thrust
force function, and its inaccuracies have been studied
in this research and are discussed in this section. Other
parameters will be discussed in our future research.

10.1 Effects of the structure flexibility (natural fre-
quency) on thrust deviation

Stiffness is defined as resistance to deformation, so a
projectile with a stiff structure (in high natural frequen-
cies) has limited deformations, and it is expected that
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the flight behavior of an elastic projectile is similar to
a rigid one. As mentioned before, this can be used for
simulation validation. From Figure 4, it can be seen that
two rigid and elastic simulations match each other and
there is no difference in trajectory (Figure 4a) and thrust
force components (Figure 4b).

In rigid simulation, the resulting lateral forces and
moments would be zero if the thrust vector had no in-
herent inaccuracy. However, they may exist in elastic
simulations due to the structural deformations. Inherent
inaccuracy in structure, often from defects and errors in
production, is the most common reason for unmatching
the rigid and the elastic simulation (real test). In low
stiffness or flexible structures with low natural frequen-
cies, deformations and accordingly differences between
two simulations become greater and more observable
(Figure 5a). In the thrust flexible projectile, structure
deformation causes thrust deviation whose undesired
force and moment components lead to miss-trajectory
and instability (Figure 5b). It will be shown that this
issue is also affected by inherent inaccuracies and thrust
function (See Figures 6a & 6b). From Figures 5a & 5b,
it can be concluded that under non-critical loading and a
high degree of rigidity of the projectile’s structure, we
expect small differences between the rigid and flexible
simulations. However, differences in the flight path and
other flight parameters are very slight due to the absence
of moments arising from structural deformations.

10.2 Effects of the thrust force function

Often it is not easy to assess the difference in flight tra-
jectory and the miss-distances, because the structure’s
natural frequency increases with the decrease in the pro-
pellant burning time, while the induced lateral loads
and acceleration increase (wu, et al., 2012). We are
eager to investigate the effect of the thrust function by
keeping its resultant energy. In this regard, we halved
the thrust’s burning time, so the thrust force doubled.
From Figure 6a, it can be seen that axial acceleration
and differences between the two simulations increased
by decreasing in thrust burning time. The shorter thrust
burning time resulted in greater values of ṁ & İ , which
led to changes in natural frequencies (Khoshnood et al.,
2008), thereby causing greater differences between the
two simulations exactly at the moment the thrust force
is turned off/on. However, due to the reduced burning
time, the differences in flight trajectory are reduced at
the same flight time (See Figure 6b); Hence due to the
changing in thrust specific impulse, reducing in burning
time leads to the greater. It can be seen that by reducing
burning time and increasing thrust force magnitude.

As expected, in the presence of thrust deviation, re-
markable differences can be pointed out between the
rigid and flexible simulations. Figure 6a also shows
a jump in lateral accelerations when the propulsion is
turned on/off. By the way, the induced lateral acceler-
ations and vibrations are damped due to the structural
damping, and as a consequence, the two simulations
give nearly the same results.

10.3 Effects of the Thrust Inaccuracies
In the presence of thrust deviation, we expect that dif-
ferences between two rigid and elastic simulations be-
come more obvious. Another propulsion-related issue
is inaccuracies in exit thrust, which affects flight trajec-
tory and stability. Here, according to the nature of the
inaccuracies, two kinds of inherent errors are defined:
out-centering and deviation angle. In this stage of the
study, we used these values: 0.1mm for out-centering
and 0.1◦ for deviation about xy and xz planes. These
inherent inaccuracies increase lateral forces and induced
moments, which increase the effect of aeroelasticity and
therefore increase structure deformation and trajectory
mismatching. From Figure 7a it can be seen that differ-
ences in the two simulations increase especially when
the thrust force is turned on/off. Hence, in this condi-
tion, more lateral acceleration and loads are exerted on
the flexible projectile, which can lead to trajectory mis-
matching and flight instability. It can be observed from
Figure 7b compared with Figure 6b that differences in
flight trajectory increase incrementally due to the thrust
inaccuracies.

10.4 Flight instability
The flexible projectile is expected to become unstable
due to the exerted components of the deviated thrust
when its structural stiffness or thrust’s inherent inaccura-
cies come to their critical values. To see this, we increase
inherent thrust deviation to 0.2° for the projectile with
medium structure stiffness. It can be concluded from
Figure 8 that the projectile became unstable because
the values of the generalized coordinates, namely the
amplitude of the oscillations, increased radically. In-
stability is a time-dependent phenomenon that occurs
over a short time (XueRui, et al., 2007); In other words,
instability occurs when a quantity exceeds its allowed
or logical value, for example, an extreme deformation
or mechanical stresses greater than ultimate strength. It
can be observed in Figure 9 a critical or illogical value
for the structure deformation (Chae, July 2004).

11. Conclusions
The results of the elastic simulation have been compared
to the rigid simulation in this paper. In a convention-
ally designed projectile with a slenderness ratio of less
than 15, the aeroelasticity seldom causes flight instabil-
ity. It can be said that it just changes the flight quantities
and the range and accuracy of the projectile. In these
cases, the important factors in projectile instability are
the thrust function and its inherent inaccuracies, when
the aeroelastic issue comes into play. It was shown that
the differences between rigid and flexible simulations
increase by increasing the flexibility of the structure and
the initial inaccuracy in thrust force. Furthermore, the
effect of body deformation on the inherent deflection of
thrust as well as on the stability and flight trajectory of
the flexible projectile was evaluated. It was shown that
in a rigid simulation, it is impossible to study the effects
of the structure’s stiffness and its causing thrust vector
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(a) Linear velocities in body axes (b) Differences in trajectory components

Figure 4. The linear velocities in body axes (a) and differences in trajectory components (b) in two rigid and elastic simulations, in the case of a high
stiffness structure.

(a) Linear accelerations in body axes (b) Differences in trajectory components

Figure 5. The linear accelerations in body axes (a) and differences in trajectory components (b) in two rigid and elastic simulations; In the case of a
medium stiffness structure and thrust burning time of 30 seconds.

deviation on flight stability. It can be said that when
the projectile is simulated with no guidance commands,
the main factor that causes the difference between the
results of the two simulations is the deviations in the
thrust vector due to flexibility, whose effects are more
pronounced than the projectile’s velocity and related
dynamic pressure. It was also shown, instability is a
time-dependent phenomenon that occurs over a short
time; In other words, instability occurs when a quantity
exceeds its allowed or logical value. By using simula-
tion or time-domain stability analysis, it is too hard to
determine a specific time for the onset of instability, but
these provide a better perception of the projectile’s flight
behavior to the analyzer.
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