Available online at https://rsgmodelling.co.uk/
Commun. Nonlinear Anal. 12(2) (2024), 51-59

Research Article

3
O

Communications in Nonlinear Analysis

Publisher
Research & Scinece Group Ltd.

Comm,,
e

Common Fixed Point Theorem for a Pair of Self Mappings in Dislocated
Quasi b-Metric Space

Durgesh Ojha®* Mujeeb Ur Rahman®

2School of Engineering, Pokhara University, Pokhara-30, Kaski, Nepal
b Department of Mathematics, Govt PG Jehanzeb college, Swat Kpt, Pakistan

Abstract

This article will illustrate a common fixed point theorem for a pair of continuous self-mapping in the
dislocated quasi-b-metric space framework. The established theorem extends and generalizes some well-
known results given by Rahman et al. in [4]. Also, an example is given in support of the constructed
result.
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1. Introduction

A point x in a set X is said to be a fixed point of a self-mapping T of X if Tx = x. The concept of fixed
point theories is one of the most important results in Functional Analysis. The famous fixed point result
called the Banach Contraction Principle (BCP) is generalized and improved in many directions. One usual
way of studying the Banach contraction principle is to replace the metric space with certain generalized
metric spaces. There have been several generalizations of the usual notion of a metric space. One such
generalization is a b-metric space introduced by Czerwik [2] in connection with some problems concerning
the convergence of non-measurable functions concerning their measure. The concept of b-metric space was
generalized in different directions. One such generalization is a dislocated quasi-b-metric space introduced
and studied by Rahman and Sarwar in 2015. Rahman and Sarwar open a new way for researchers to work
in the field of metric fixed point theory. In the present article, we shall generalize the result of the common
fixed point theorem in dislocated quasi-b-metric space given by Rahman et al. [4].
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2. Definitions and Preliminaries

Before proceeding with the main work, we shall define some important definitions, examples and some
results related to dislocated quasi-b-metric spaces, which are used in further discussion.

Definition 2.1. [3] A point u is a fixed point of the function f(z) if f(u) = w. In other words, f(x) has a
root at u iff g(x) = = — f(x) has a fixed point at u.

There have been several generalizations of the usual notion of a metric space. One such generalization
is a b-metric space introduced and studied by Bakhtin [1] and Czerwik [2] in 1989. They also investigated
some fixed point results in b-metric spaces. Now, we will begin with the definition of b-metric space.

Definition 2.2. [1] Let X be a non-empty set and k > 1 be a given real number. A function d: X x X —
[0, 00) is called a b-metric provided that for all z,y,z € X,

(i) d(z,y) =0 if and only if x =y

(i) d(z,y) = d(y, =)
(ii) d(z,y) < kld(z, z) + d(z,y)] (b-triangular inequality)

A pair (X, d) is called a b-metric space. The number k is called the coefficient of (X, d). The following
are examples of b-metric space.

Example 2.3. [1] The set [,(R) where [,(R) := {(z,) CR: > |z|P < oo} (with 0 < p < 1) together with
the function d : [,,(R) x [,(R) — [0, 00) defined by

da) = (Xle— o)’
n=1

where z = {z,,},y = {yn} € [,(R) is a b-metric with k = 2%

Example 2.4. [1] The space Ly[0,1] (where 0 < p < 1) of all real functions z(t), ¢ € [0,1] such that
fol |z(t)[Pdt < oo is a b-metric by taking

1

e = ([ Jatt) - ylo) )"

for each x,y € Lp[0,1] is a b-metric with k£ = 2%,

It is clear that the definition of b-metric is an extension of the usual metric space. Obviously, each metric
space is a b-metric space with k = 1. However, Czerwik [2] has shown that a b-metric on X need not be a
metric on X. The following example illustrates this.

Example 2.5. Let (X, d) be a metric space. Define p(z,y) = [d(x,y)]P, where p > 1 is a real number. Then
p is a b-metric with k = 2P~1. However, if (X,d) is a metric space, then (X, p) is not necessarily a metric
space. For example, if X = R is the set of real numbers and d(z,y) = |x — y| is the usual Euclidean metric,
then p(z,y) = (xz — y)? is a b-metric on R with k& = 2. But it is not a metric space.

It is noted that the class of b-metric spaces is larger than the class of metric spaces. Now, we will begin
with the definition of dislocated quasi-b-metric space.

Definition 2.6. [5] Let X be a non-empty set and k > 1 be a given real number. A function d: X x X —
[0,00) is called a dislocated quasi b-metric provided that for all z,y,z € X,

(i) d(z,y) = d(y,z) =0, then z = y.

(i) d(z,y) < kld(z,z) + d(z,y)].
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A pair (X,d) is called a dislocated quasi b-metric space (or dgb-metric space).

In the definition of dislocated quasi b-metric space if & = 1 then it becomes (usual) dislocated quasi
metric space. Therefore every dislocated quasi-metric space is dislocated quasi b-metric space and every
b-metric space is dislocated quasi b-metric space with coefficient k& and zero self distance. However, the
converse is not true. The following are examples of dislocated quasi-b-metric space.

Example 2.7. [5] Let X =R", forp>1and d: X x X — [0,00) be defined as
d(z,y) = |z —y|P + |z|P, forall z, y € X.

Then, (X, d) is a dislocated quasi b-metric space with & = 2P > 1. But it is neither b-metric nor dislocated
quasi-metric.

Example 2.8. [5] Let X =R and suppose
d(z,y) = 2¢ — y* + 22 + y|*.
Then, (X,d) is a dislocated quasi b-metric space with the coefficient k = 2.

Definition 2.9. [7] A sequence {x,} in dislocated quasi b-metric space (dq b-metric space) (X, d) is said
to be

(i) dgb-convergent to z if

lim d(z,,z) = lim d(z,z,) =0.

In this case, z is called the limit of {z,,} and we write z, — x.
(ii) dgb-complete if every Cauchy sequence in it is a dq b-convergent.

(iii) Cauchy sequence if for € > 0 there exists N € N such that m,n > N, we have d(z,, z,) < €.
Lemma 2.10. [5] Limit of convergent sequence in a dq b-metric space is unique.
The following lemma given by Rahman and Sarwar shall be used in the later theorems.

Lemma 2.11. [5] Let (X,d) be a dq b-metric space and {x,} be a sequence in X such that
d(xn, Tnt1) < ad(rp—1,2,) forn=0,1,2,... and 0 < ak <1, a€[0,1),
and k is defined in dq b-metric space. Then {x,} is a Cauchy sequence.

Here, Rahman and Sarwar proved the famous Banach contraction principle in complete dislocated quasi-
b-metric space.

Theorem 2.12. [5] Let (X,d) be a complete dg b-metric space and T : X — X be a continuous contraction
with 0 < ak <1, a € [0,1), where k > 1 then T has a unique fized point in X .

Theorem 2.13. [4] Let (X,d) be a complete dq b-metric space with coefficient k > 1 and S, T : X — X be
continuous self mappings satisfying the condition

d(y, Ty)[L + d(z, Sz)] d(z,Ty)d(y, Ty) d(z, Sz)d(y, T'y)
d(Sz,Ty) <ad(z,y) + B 1+d(z,y) 7k[al(:v, y) +d(y, Ty) F +d(z,y)
d(z,Sz)d(x, Ty)
1+d(z,y)

forall z,y € X, where o, B,v,pu,p > 0, with ka++~v+pu+k(l+k)p<1. Then S and T have a unique
common fixed point in X.
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On putting S = T in the above theorem, we get the following corollary.

Corollary 2.14. [/] Let (X,d) be a complete dq b-metric space with coefficient k > 1 and T : X — X be a
continuous self mapping satisfying the condition

dy, Ty)[l +d(x,Tx)] | d(z,Ty)d(y,Ty) d,Tz)d(y,Ty)
d(Tz,Ty) <ad(z,y) + 8 1 +d(z,y) ’Yk[d(a:, y) +d(y, Ty) Py d(x,y)
d(z, Tz)d(z, Ty)

1+d(z,y)
for all z,y € X, where o, B,v,p,p > 0, with ka + 8+~v+ p+ k(1 +k)p < 1. Then T has a unique fized
point in X.

3. Main Result

In this section, we shall extend and generalize the result on common fixed point theorem in dislocated
quasi b-metric space given by Rahman et al. [4].

Theorem 3.1. Let (X,d) be a complete dq b-metric space with coefficient k > 1 and S,T : X — X be
continuous self mappings satisfying the condition

d(y, Ty)[1 + d(x, Sz)] d(z, Ty)d(y, Ty) d(z, Ty)d(x,Sx)
WS Ty) <ed@ )+ ayy T k() + A Ty)] T EldG. ) + d(y, Ty)
d(z, Sz)d(y, Ty) d(z, Sz)d(x, Ty)
1+d(x,y) 1+d(z,y)

forall x,y € X, where a, 8,7, i, p, A > 0 with ka + +~v+kpu+p+ k(1 + k)X <1. Then S and T have a
unique common fixzed point in X.

Proof. Let xz be arbitrary in X. We define a sequence {z,} by
o, X1 = Sxo,x3 = ST, ..., Topt1 = Sxop and xo =Ty, 24 = T3, ...y Ton = Txon_1.
Now, we show that {z,} is a Cauchy sequence in X. For this, consider
d(Zon+1, Ton+2) = d(Szopn, TTonyt1).
Now, using the given condition in the theorem and the definition of the sequence defined above, we have

(Ton+1, Txon+1)[1 + d(x2n, STan)]
1+ d(z2n, T2n+1)

d
d(xon41, Tant2) <ad(xo,, Tont1) + 5

d(z2n, Txont1)d(Ton+1, TTon+41) bt d(xan, Txon+1)d(T2n, STon)
Eld(xan, xont1) + d(z2n+1, TTon41)] Eld(xan, ont1) + d(zon+1, TTon41)]
n pd($2n,S$2n)d(l‘2n+1,T~T2n+1) . )\d(@n, Sxon)d(zon, Txont1)

1 + d(2n, T2n41) 1+ d(w2n, T2n+1)
(T2n+1, Tant2)[1 + d(T2n, Tant1)]
1 + d(z2n, T2n41)
oy d(T2n, T2n+2)d(T2n+1, T2n+2) d(T2n, T2n+2)d(T2n, Ton+1)
kld(zon, T2n+1) + d(Tant1, Tons2)] k[d(T2n, T2n11) + d(Tant1, T2n42)]
d(T2n, Ton41)d(T2n+1, T2n+2) N 3, 4(@2n, 22n11)d(20, T2n+2)
1+ d(2n, T2n41) 1+ d(%2n, T2n+1)

d
<ad(zon, Tont1) + B

+p
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Now, using the triangular inequality, we have
d(ont1, Tant2) <ad(Ton, Tont1) + Bd(Tons1, Tant2) + Yd(T2n 11, Tant2) + pd(22n, Toni1)
+ pd(T2n41, Tant2) + Ak[d(22n, T2nt1) + d(T2n41, T2ng2)]-
On simplification, we have
(1 =B =7 —p=kNd(@2n41,T2n+2) < (@ + pp+ kN)d(20, T2nt1).
This implies that

o+ pu+ kA
d(Ton+1, Tang2) < (1 - : - k}\)d(mn,x?nﬂ)-
Let h = % < %, so the above equation becomes

d(x2n41, Tant2) < hd(zon, Tant1).
Similarly, we get
d(x2n, Tant1) < hd(xon—1,x2p).

Continuing the same procedure, we get
d(Tp, Tnt1) < hd(xp—1,Tn).

From Lemma 2.11, we get {x,} is a Cauchy sequence in a complete dislocated quasi b-metric space X,
so {z,} converges to some u € X i.e., there exists u € X, such that x,, — u. Also, the subsequence {z2,+1}
and {z2p4+2} converge to u € X. Using the continuity of T', we have

Tu =T lim (x2,+1)
n—oo
= 235, T (@)

Jim (22n42)

=u.
Similarly, using the continuity of S, we can show that Su = u. Therefore, u is the common fixed point
of S and T.

Uniqueness: Let u,v be two common fixed points of S and T i.e., Su = Tu = u and Sv = Tv = v.
Using the given condition in the theorem and triangular inequality, we can show that

d(u,u) = d(v,v) = 0.
Now,
d(u,v) =d(Su,Tv)
(v, To)[1 + d(u, Su)] | d(u, Tv)d(v, Tv)
1+ d(u,v) T Rld(u,v) + (v, Tv)]
d(u, Tv)d(u, Su) d(u, Su)d(v,Tv) d(u, Su)d(u,Tv)
7 p +A .
Kld(u,0) + d(, T0)] P 1+ d(u,v) 1+ d(u,0)

Since u, v are common fixed points of S and T', we have

d(u,v) =d(Su,Tv)

<ad(u,v) + ﬂd

(v,v)[1 + d(u,u)] d(u,v)d(v,v)

<ad(u,v) + Bd

1+ d(u,v) Tk[d(u,v) + d(v, v)]
d(u,v)d(u,u) d(u,w)d(v,v) d(u,u)d(u,v)
+ 'uk[d(u, v) 4+ d(v,v)] Py d(u,v) A 1+ d(u,v)

<ad(u,v).
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Thus, d(u,v) = 0, as ka < 1. Similarly, we can show that d(v,u) = 0. So, d(u,v) = d(v,u) = 0. This
implies that « = v. Hence, u is the common unique fixed point of S and 7. Ul

On putting S = T, in the above theorem, we get the following corollary.

Corollary 3.2. Let (X,d) be a complete dq b-metric space with coefficient k > 1 and T : X — X be a
continuous self mapping satisfying the condition

d(y, Ty)[1 + d(z, Tz)] d(z, Ty)d(y, Ty) d(x, Ty)d(x,Tx)
ATy 0w P Gy Kdlay) + d(y o) WG y) + d(. Ty)]
d(z, Tx)d(y, Ty) d(z, Tx)d(z, Ty)
1+d(z,y) 1+d(z,y)

for all x,y € X, where o, 8,7, u, p, A > 0, with ka + 8 +~v+ kp+p+ k(1 + k)X < 1. Then T has a unique
fixed point in X.

Remark 3.3. If we put p = 0 in Theorem 3.1, then we get the Theorem 2.13.
Remark 3.4. If we put p = 0 in Corollary 3.2, then we get Corollary 2.14.

Remark 3.5. If we put 8 =v = pu = p = A =0, then we get the Banach contraction theorem in the context
of dislocated quasi b-mertric space.

Example 3.6. Let X = [0, 1], and define
d(z,y) = |2z —y* + |2z + y[

for all z,y € X. Then, (X,d) is a complete dq b-metric space with k& = 2. Let S,7 : X — X be two
continuous self-mappings defined by Sz = 0 and T'x = §. In particular, if we take

1 1 1 1

1 1
= — = — = — = — — Azi.
=TT TP T 5 T30 T 36

Then, all conditions of Theorem 3.1 are satisfied and x = 0 € [0, 1] is the unique common fixed point of
Sand T.

Theorem 3.7. Let (X,d) be a complete dq b-metric space with coefficient k > 1 and S,T : X — X be
continuous self mappings satisfying condition

y, Ty)[1 + d(z, Sx)] d(xz, Ty)d(y, Ty) N d(xz,Ty)d(x, Sx)
1+d(z,y) Tkld(w,y) +d(y, Ty)] " " Kld(e,y) + d(y, Ty)]
d(x, Sz)d(y, Ty) N )\d(:c, Sz)d(x, Ty) nd(w,Ty)[l + d(z, Sx)]
1+d(z,y) 1+d(z,y) k[l +d(x,y)]

d(Sz, Ty) <ad(z,y) + 8L

for all x,y € X, where a, B,v, 1, p,A\,n >0, with ka++~v+ku+p+ (1+Ek)n+k(1+k)A<1. Then S
and T have a unique common fixed point in X.

Proof. Let xg be arbitrary in X. We define a sequence {z,} by
o, r1 = Sxo, T3 = Sxa, ..., Topy1 = Sxop and xo = Txy, 24 = Tx3, ..., 09, = TTop_1.
Now, we show {z,} is a Cauchy sequence in X. For this, consider

d(zan+1, Tant2) = d(Sxan, Txop+1).
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Now, using the given condition in the theorem and the definition of the sequence defined above, we have

(on+1, Txons1)[1 + d(x2n, STay)]
1+ d(zon, T2n+1)

d
d(x2n+1, Tant2) <ad(zopn, Tant1) + 5

d(l’gn, T$2n+1)d(l‘2n+1, T$2n+1) d(l’Qn, T332n+1)d($2n, S:an)
kld(z2n, T2nt1) + d(@2ns1, Txont1)] kld(Ton, Tons1) + d(Tont1, Toong)]
+ pd(.%’gn, Swgn)d(xQnJrl, TQS‘QnJrl) i )\d(l‘gn, SI’Qn)d(J}Qn, T$2n+1)
1+ d(w2n, T2n+1) 1+ d(z2p, Tan+1)

d($2na T~7/'2n+1)[1 + d(xQTH Sw2n)]
E[1 + d(x2n, Tony1)]

(T2n+1, Ton+2)[1 + d(22n, Tant1)]
1+ d(22n, T2n+1)

d
<ad(xon, Tont1) +

oy d(T2n, Tany2)d(T2n+1, T2ns2) d(Z2n, T2n+2)d(T2n, Ton+1)
k[d(z2n, zont1) + d(Toni1, Tons2)] k[d(z2n, zont1) + d(Toni1, Toni2)]
N pd(xzm Ton+1)d(Tant1, Tant2) n 3 &2n, 2an11)d(@2n, T2n+2)
1+ d(z2n, T2n+1) 1+ d(zan, T2n+1)

d(xan, Tant2)[1 + d(x2n, Tont1)]

i k[l + d(z2n, Tan41)]

Now, using the triangular inequality, we have

d(xon+1, Tant2) <ad(Tan, Tont1) + Bd(Tant1, Tant2) + Yd(Tont1, Tont2) + pd(Ton, Tant1) + pd(T2nt1, Tant2)
+ Ak[d(zan, Tont+1) + d(Tont1, Toant2)] + n[d(x2n, Tant1) + d(Ton+1, Tont2)]-

On simplification, we have

(1= —~v—p—kX—n)d(xom+1,Tont2) < (a+ p+n+ kX)d(z2n, T2n+1).

Then,
o+ p+n+ kA
d(zom 11, < ( )d(@an, .
(@241, 22n+2) < (T Ep— w— (T2n, Tan+1)
Let h = % < %, so the above equation becomes

d(xon+1, Tont2) < hd(zan, Tant1).

Similarly, we get
d(x2n, Tant1) < hd(xon—1,x2p).

Continuing the same procedure, we get
d(xrm xn—s—l) <h d(l'n—lu xn)

From Lemma 2.11, we get {z,} is a Cauchy sequence in a complete dislocated quasi b-metric space X,
so {x,} converges to some u € X i.e., there exists u € X, such that z,, — u. Also, the subsequence {z2,,+1}
and {xo,42} converge to u € X. Using the continuity of 7', we have

Tu =T Jhngo(wgnﬂ)

= 35, T (@)

= a5 an2)

=Uu.
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Similarly, using the continuity of S, we can show that Su = u. Therefore, u is the common fixed point
of S and T.

Uniqueness: Let u,v be two common fixed points of S and T i.e., Su =Tu = u and Sv = Tv = v.
Using given condition in the theorem and triangular inequality, we can show that

d(u,u) =d(v,v) = 0.
Now,

d(u,v) =d(Su,Tv)

<ad(u,v) + Bd(v, Tv)[1 + d(u, Su)] d(u, Tv)d(v,Tv) d(u, Tv)d(u, Su)

1+ d(u,v) Pyk[d(u, v) 4+ d(v, Tv)] Mk’[d(u, v) 4+ d(v, Tv)]
d(u, Su)d(v,Tv) N )\d(u, Su)d(u, Tv) nd(u,T”U)[l + d(u, Su)]
1+ d(u,v) 1+ d(u,v) k[l 4+ d(u,v)]

Since u, v are common fixed points of S and T', we have

d(u,v) =d(Su,Tv)

d(v,v)[1 + d(u, u)] d(u,v)d(v,v) d(u,v)d(u,u)
sad(u,v) + 8= ) TE[d(w, v) + d(v,0)] P Ed(w, v) + d(v, v)]
d(u,u)d(v,v) d(u,u)d(u,v) d(u,v)[1 + d(u,u)]
1+ d(u,v) 1+ d(u,v) K k[l + d(u,v)]
<ad(u,v) + ﬂd(u, v)

k
< (a + %)d(u, v).

Thus, d(u,v) =0, as (a + %) < 1. Similarly, we can show that d(v,u) = 0. So, d(u,v) = d(v,u) = 0.
This implies © = v. Hence, u is the common unique fixed point of S and T'. O

On putting S =T, in the above theorem, we get the following corollary.

Corollary 3.8. Let (X,d) be a complete dq b-metric space with coefficient k > 1 and T : X — X be a
continuous self mapping satisfying the condition

(v, Ty)[1 + d(z, Tz)] d(z, Ty)d(y, Ty) d(z, Ty)d(z, Tx)
L+ d(z,y) Tkl y) + d(y, Ty)] "k, ) + dy, Ty)]
d(z, Tx)d(y, Ty) n )\d(x, Tz)d(z, Ty) nd(:r, Ty)[1 + d(x, Tx)]
1+d(z,y) 1+d(z,y) E[l+d(z,y)]

d(Tx,Ty) <ad(z,y) + d

for all x,y € X, where a, B,7, 1, p, A\, > 0, with kae+ B +~v+kp+p+(1+k)n+k(l+k)A<1. ThenT
has a unique fized point in X.

Remark 3.9. If we put = 0 in Theorem 3.7, then we get the Theorem 3.1.
Remark 3.10. If we put n = 0 in Corollary 3.8, then we get Corollary 3.2.

Remark 3.11. If we put 6 =v=pu=p=A=n=0, in Theorem 3.7, then we get the Banach contraction
theorem in the context of dislocated quasi b-mertric space.

Example 3.12. Let X = [0, 1], and define

d(z,y) = |2z — y|* + |2z + y[%,
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for all z,y € X. Then, (X,d) is a complete dq b-metric space with k = 2. Let S,7 : X — X be two
continuous self-mappings defined by Sz = 0 and Tx = §. In particular, if we take

€
10’

1 1 1 1

1 1
= - = — = — = )\:7 = —.
B 5= 130" v ]

“= 16 30" " 36 18

Then, all the conditions of theorem 3.7 are satisfied and = 0 € [0, 1] is the unique common fixed point
of S and T.

4. Conclusion

In this paper, we have generalized and extended some existing common fixed point theorems in dislocated
quasi-b-metric space given by Rahman and et. al.
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