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Abstract

In this paper, the concept of generalized contraction mapping has been used in investigating fixed point
theorems. A fixed point theorem of integral type will be establish in the setting of dislocated quasi metric
spaces using some new type of rational contraction conditions. Moreover, a fixed point theorem will be
studied in the context of dislocated quasi b-metric spaces using the idea of generalized new contraction
conditions. Several corollaries may be deduced from our established results, which generalize and extend
several results of the literature. Also , our investigated results may be easily used in solving equations in
non-linear analysis too.

Keywords: Dislocated quasi-metric spaces, dislocated quasi b-metric spaces, self-mapping, Cauchy
sequence, fixed point.

1. Introduction

The notion of metric space, introduced by Frechet in 1906, is one of the useful topic not only in math-
ematics but also in several quantitative sciences. Due to its importance and application potential, this
notion has been extended, improved and generalized in many ways. An incomplete list of such attempts
are following: symmetric space, b-metric space, partial metric space, quasi metric space, fuzzy metric space,
dislocated metric space, dislocated quasi-metric space, right and left dislocated metric spaces, dislocated
quasi b-metric spaces etc.

*Corresponding author
Email addresses: mujeeb846@yahoo.com (Mujeeb Ur Rahman), amjadalimna@gmail.com (Amjad Ali),
zkzosama@gmail.com (Osama Aziz), muhibur.rahman@polymtl.ca (MuhibUr Rahman)

Received 2023-06-13



M. Ur-Rahman, A. Ali, O. Aziz, M. Ur-Rahman, Commun. Nonlinear Anal. 1 (2024), 1-10 2

The increasing applications of fixed point theorems of metric spaces and their generalizations in various
branches of Engineering and other sciences attracted several researchers to work on them in recent past. For
instance, the generalization of well-known Banach contraction principle of metric space to the dislocated
metric space proved by Hitzler and Seda [6] play a key role in topology, logic programming semantics and
electronic engineering etc. Zeyada et al. [12] initiated the concept of dislocated quasi-metric space and
generalized the result of Hitzler and Seda [6] in dislocated quasi-metric space. Results on fixed point in
dislocated quasi-metric space are followed by Rahman and Sarwar [7, 8] etc.

The notion of b-metric space was introduced by Czerwik [2] in connection with some problems concerning
with the convergence of non-measurable functions with respect to their measure. Fixed point theorems
regarding b-metric spaces was obtained in [3]. Recently, Rahman and Sarwar [11] further generalized the
concept of b-metric space and initiated the notion of dislocated quasi b-metric space. Rahman and Sarwar
[11] open a new way to the researchers to work in the field of metric fixed point theory. Fixed point theorems
regarding dislocated quasi b-metric spaces was obtained in [4, 9].

In 2002, Branciari [10] obtained a fixed point theorem for a single self-mapping satisfying an analogous
of Banach contraction principle for integral type inequality in metric space. Recently, Rahman and Sarwar
[1] studied some fixed point theorems of integral type in dislocated quasi-metric space.

The purpose of this article is to prove some fixed point results in dislocated quasi and dislocated quasi
b-metric spaces. In the context of dislocated metric spaces, we will prove a theorem of integral type for
some rational type generalized contractions. Also, a theorem for generalized rational contractions will be
obtained in dislocated quasi b-metric spaces.

2. Preliminaries
Throughout this paper R* will represent the set of non negative real numbers.

Definition 2.1. [6]. Let X be a non-empty set and let d : X x X — R* be a distance function satisfying
the conditions

dy) d(z,x) =0

dy) d(z,y) = d(y,z) = 0 implies that x = y;

d3) d(xay) = d(y,.%');

dy) d(z,y) < d(z,z) +d(z,y) for all x,y,z € X.

If d satisfy the conditions from dy to d4 then it is called metric on X, if d satisfy conditions ds to dy
then it is called dislocated metric (d-metric ) on X and if d satisfy conditions ds and dy only then it is called
dislocated quasi-metric(dg-metric) on X.

Clearly every metric space is a dislocated metric space and dislocated quasi-metric space. Also every
dislocated metric space is dislocated quasi-metric space but the converse is not necessarily true as clear form
the following example.

Example 2.2. Let X=R™T. Define the distance function d : X x X — RT by
d(z,y) = |z| for all z,y € X.

Clearly X is dislocated quasi-metric space but not a metric nor dislocated metric space.
In our main work we will use the definition of dg-convergent sequence, Cauchy sequence, contraction and
completeness in dislocated quasi-metric space which can be found in [12].

Now we state the following simple but important lemma and theorem without proof in the context of
dislocated quasi-metric space.

Lemma 2.3. [12]. Limit in dislocated quasi-metric space is unique.
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Theorem 2.4. [12]. Let (X,d) be a complete dislocated quasi-metric space and T : X — X be contraction.
Then T has a unique fized point.

We need the following definitions which may be found in [11].

Definition 2.5. Let X be a non-empty set and k > 1 be a real number then a mapping d : X x X — [0, 00)
is called dislocated quasi b-metric if V z,y,z € X

(d1) d(z,y) = d(y,z) = 0 implies that x = y;

(d2) d(z,y) < Kld(z, =) + d(z,p)].
The pair (X, d) is called dislocated quasi b-metric space or shortly (dg b-metric) space.

Remark 2.6. In the definition of dislocated quasi b-metric space if £ = 1 then it becomes (usual) dislocated
quasi-metric space. Therefore every dislocated quasi metric space is dislocated quasi b-metric space and every
b-metric space is dislocated quasi b-metric space with same coefficient k& and zero self distance. However,
the converse is not true as clear from the following example.

Example 2.7. Let X = R and suppose
d(z,y) = 2¢ -y’ + 2z + y|*.

Then (X,d) is a dislocated quasi b-metric space with the coefficient £ = 2. But it is not dislocated quasi-
metric space nor b-metric space.

Remark 2.8. Like dislocated quasi-metric space in dislocated quasi b-metric space the distance between
similar points need not to be zero necessarily as clear from the above example.

Definition 2.9. A sequence {x,} is called dg b—convergent in (X, d) if for n € N we have lim d(z,,z) = 0.

n—oo

Then z is called the dg-b-limit of the sequence {zy,}.

Definition 2.10. A sequence {z,} in dq b-metric space (X,d) is called Cauchy sequence if for € > 0 there
exists ng € N, such that for m,n > ng we have d(z,, x,) < € (OR) lirg d(xpm, xy) = 0.
m,n—o0

Definition 2.11. A dg b-metric space (X, d) is said to be complete if every Cauchy sequence in X converges
to a point of X.

Definition 2.12. Let (X, d;) and (Y, d2) be two dgq b-metric spaces. A mapping 7' : X — Y is said to be
continuous if for each {z,} which is dg-b convergent to = in X, the sequence {T'x,} is dg b convergent to
TxpinY.

The following well-known results can be seen in [11].
Lemma 2.13. Limit of a convergent sequence in dislocated quasi b-metric space is unique.

Lemma 2.14. Let (X,d) be a dislocated quasi b-metric space and {x,} be a sequence in dq-b-metric space
such that

d(xru xn—l—l) <a- d(xn—h xn)

form=1,2,3,... and 0 < a-k < 1l,a €[0,1) and k is defined in dq b-metric space. Then {x,} is a Cauchy
sequence in X.

Theorem 2.15. Let (X,d) be a complete dislocated quasi b-metric space. Let T : X — X be a continuous
contraction with o € [0,1) and 0 < ko < 1 where k > 1. Then T has a unique fized point in X .

In [1], the following definitions may be found which may be used in main results.
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Theorem 2.16. Let (X, d) be a complete metric space and T : X — X be a continues self mapping satisfying
the following condition

(y, Ty)[1 +d(z, Tx)]
1+d(z,y)

Ve,ye X, a,8>0, and o+ 5 < 1. Then T has a unique fixed point in X.

d(T2,Ty) < a-d(z,y) + 8-

In [1], the following definitions may be found which may be used in main results.

Definition 2.17. Let X be a non-empty set. Let d : X x X — R™ be a function satisfying the conditions
for all z,y,2z € X,

d(z,x)
di) [ plt)dt=0;
0
d(z,y) d(y,)
do) [ pt)dt= [ p(t)dt=0 = z=y;
0 0
d(z,y) d(y,z)
d) [ ptdt= [ p(t)dt
d(z,y) d(z,2) d(z,y)
dy) p(t)ydt < [ p(t)dt+ p(t)dt.
0 0 0

If d satisfies all of the above conditions then d is called a metric on X. If d satisfies the conditions from
dy — dy then d is said to be dislocated metric (OR) shortly (d-metric) on X and if d satisfies only do and dy
then d is called dislocated quasi-metric (OR) shortly (dg-metric) on X and the pair (X, d) is called dislocated
quasi-metric space.

Definition 2.18. Where p : RT™ — RT is a Lebesque integrable mapping which is summable on each
S

compact subset of R, non-negative and such that for any s > 0 [ p(t)dt > 0.
0

Note. The above definition change to usual definition of metric space if p(t) = I.

Definition 2.19. A sequence {z,} in dg-metric space is said to be dg-convergent to a point z € X if

d(zy,x) d(x,xn)
nl;rrgo / p(t)dt = nlgr;() / p(t)dt = 0.
0 0

In such a case x is called dg-limit of the sequence {z,}.

Definition 2.20. A sequence {x,} in dg-metric space (X, d) is said to be Cauchy sequence if for € > 0 there
exist ng € N such that m,n > ngy implies

d(Tn,Tm) d(zm,xn)
p(t)dt = / p(t)dt < e
0 0
(OR)
d(Tn,zm) d(xm,zn)
nlLHgo p(t)dt = T}Lngo / p(t)dt =0
0 0

Branciari [10] proved the following theorem in metric spaces.
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Theorem 2.21. Let (X,d) be a complete metric space for o € (0,1). Let T : X — X be a mapping such
that for all x,y € X satisfying

d(Tz,Ty) d(z,y)
/ p(t)dt < a- / p(t)dt.
0 0

Where p : Rt — R* is a Lebesque integrable mapping which is summable on each compact subset of RT,
S

non-negative and such that for any s >0, [p(t)dt > 0. Then T has a unique fized point in X.
0

3. Main Result

Theorem 3.1. Let (X,d) be a complete dg b-metric space and T : X — X be a continuous mapping
satisfying the condition

d*(z, Tx)[1 + d(z,y)] d(y, Ty)[1 + d*(z, Tz)]
ATz, Ty) < a-d(z,y) + 5 d(z,y)[1 + d(x, Tx)] t 1+ d?(z,y)

Mo d(x, Ty)d?(z, Tx) é N
ko d(xz,y)ld(z,y) + d(y, Ty)] T A d(z, Ty) (3.1)

for all z,y € X, with k > 1 and «, 8,7, 1,0 > 0 with k(e + ) + v+ ku+ (1+ k)0 < 1. Then T has a
unique fized point in X.

Proof. Let ¢ be arbitrary in X we define a sequence {x,} in X by the rule

xo, 21 =T, ;1 = Twp.
Now to show that {z,} is a Cauchy sequence in X consider

d(xn, Tpt1) = d(Txp—1,Txy).
Using (3.1), we have
d2 (xn—h Txx—l)[l + d(xn—la xn)]
d(xn—la xn)[l + d(xn—la Txn—l)]
d(.%'n, Txn)[l + d2 (xn—la Txn—l)]

1+ d?*(zp—1,2n)
Iz d(xn_1, Twn)d*(xn_1, TTn 1) 1)
k

d(x7h xn—i—l) S Q- d(l’n_l, xn) + /8 :

—-d n— aT n
A1, 00)A@n_1, @n) + d@m, Tz T & @01 T20)

d*(zp_1,20)[1 + d(2n_1,2,)]

< -d n—1,+4n : : :

o Ao ) B e+ dn 1, 7))
. d(xnn xn—l—l)[l + d2(xn—17 xn)]

1+ d?(zp—1,2n)

M d(xn—hxn—l—l)dQ(xn—hxn) d
P —-d n—1,+4n .
k d(xn—laxn)[d(xn—laxn) +d($n7xn+1)] - k (1' b +1)

Using triangular inequality, we have
<a- d(xnfla xn) +3- d(xnfla xn) +7- d(xn, anrl)"'

e d(xp—1,2,) + 0 - d(xp—1,Tn) + 0 - d(xp, Tpi1).
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Finally we have
a+B+pu+9

d nytn S . d n—1,4n)-
(Tn, Tnt1) = (7 +9) (Tn—1,Tn)
Let 5 )
. + B8+ p+ L
1—(y+9) k
So
d(xnw%'n—f—l) <h- d(xn—hxn)-
Also
d(xnflaxn) <h- d($n72axn71)-
Therefore

d(xna anrl) < h? - d($n72a xnfl)-

Similarly proceeding we get
d(.%'n, xn-{—l) < h" - d(.%'o, -7;1)-

Taking limit n — oo, as h < 1, so h"™ — 0, implies that

d(xp, Tpt1) — 0.

Hence {z,} is a Cauchy sequence in complete dg b-metric space. So there must exist u € X such that

lim z, = u.
n—roo

Now to show that u is a fixed point of T'. Since T is continuous therefore

lim Tz, =Tu = lim a1 =Tu = Tu=u.
n—o0

n—oo

Hence u is the fixed point of T'.

Uniqueness: Let u # v are two distinct fixed points of T then by (3.1), we have

‘ d?(u, Tu)[1 + d(u,v)]

d(v, Tv)[1 + d?(u, Tu)]

d(u,v) = d(Tu,Tv) < a-d(u,v) + d(u,v)[1 + d(u, Tu)]

LR d(u, Tv)d? (u, Tw) )

k d(u,v)[d(u,v) + d(v,Tv)] = k

Since u and v are fixed points of T', so the above inequality becomes

1+ d?(u,v)

+ — - d(u, Tv).

‘ d?(u, u)[1 4 d(u,v)] d(v,v)[1 + d?(u, u)]

d(u,v) < a-d(u,v) +f

1 d(u,v)d? (u,u) )

+ - + — - d(u,v).

ko d(u,v)[d(u,v) +d(v,v)] k
Using (3.1) and the fact that u,v are the fixed points of T" one can get

d(u,u) = d(v,v) = 0.
Thus the above inequality take the form

d(u,v) < (a+9) - d(u,v).

dlu, )L +dwa)] 1+ 0)

Which is possible only if d(u,v) = 0. Similarly we can show that d(v,u) = 0. Hence v = v. Therefore fixed

point of T" is unique.

0
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Remark 3.2. By putting different constants equal to zero in Theorem 3.1, one can obtain different corollaries
from Theorem 3.1, which show that Theorem 3.1, generalize different results of the literature in dislocated
quasi b-metric spaces.

Theorem 3.3. Let (X, d) be a complete dg-metric space and T : X — X be a continuous mapping satisfying
the condition

d2 (2, Tx)[1+d(z,y)]

d(Tz,Ty) d(z,y) () [1+d(z,Tx)]
[ ewasar [wars [
0 0 0
d(y,Ty)[1+d2(z,Tz)] d(z,Ty)dQ(z,Tz)
1+d2?(z,y) d(z,y)[d(z,y)+d(y,Ty)] [d(z,Ty)+d(z,y)]

sy [ a0 pwars [ e 62

=]
[e=]
[e=]

for all z,y € X and o, B,v, 1,0 > 0 with a + B +~v+pu+36 < 1. Where p: RT™ — R* is a Lebesque
integrable mapping which is summable on each compact subset of RT, non-negative and such that for any
S

s >0, [p(t)dt > 0. Then T has a unique fized point in X.
0

Proof. Let ¢ be arbitrary in X we define a sequence {x,} in X by the rule
xo, 1 =T, ;1 = Twp.
Now to show that {z,} is a Cauchy sequence in X, consider

d(Tn,Tnt+1) d(Txn-1,Txn)

p(t)dt = / p(t)dt.

[e=]
[e=]

Using (3.2), we have



M. Ur-Rahman, A. Ali, O. Aziz, M. Ur-Rahman, Commun. Nonlinear Anal. 1 (2024), 1-10

d? (zn—1,Try 1) [1+d(zy—1,2n)]

d($nyxn+1) d(l‘nfl,l‘n) d(zp—1,zn)[1+d(@n—1,TTy_1)]
pdr<a [ o0+ / p(t)dt
0 0 0
d(znyTzn)[1+d2(zn—1vTIn—l)] d(zy—1 ,Tzn)dQ(zn_l,Tzn_l)
1+d2 (2 1,2n) A2y —1.@n)[d(@n 1, @n)+d(@n, Ten)]
+- / p(t)dt + pu - / p(t)dt
0 0
[d(mn—lmin)+d(xn—lyxn)]
+9- / p(t)dt
0
d2(2y_ 1 en) [1+d(2y_1,2n)] d(@n,2pp1)[1+d2 (2y_1,20)]
d(xn—1,2n) d(zp_1,zn)[1+d(zy_1,2n)] 14+d2(zy_1,7n)
<ar [ st / p(t)dt + - / p(t)dt
0 0 0
d(xnfl,xn+1)d2(acn,1,xn)
A(@p—1,20)[d(@y—1,00) (@180 1)) [d(@n—1,2n+1)+d(Tn—1,2n)]
+ / p(t)dt + 6 - / p(t)dt
0 0
d(l'nflyxn) d($n7171‘n) d($n71‘n+1
<ar [ e [ ey [ s
0 0 0
d(Tn—1,Tn) d(Tn—1,Tn) d(Tn,Tny1)
Yu- / p(t)dt + 25 - / p(t)dt +5 - / p(b)dt.
0 0 0
Finally, we have from the above equation
d(zn,Tny1) ﬁ 5 d(Tn—1,2n)
a+f+pu+2 /
Hdt < ——M . t)dt.
0
Let 05
poatbtut+2
1—(y+9)
So
d(Tn,Tni1) d(xn—1,Zn)
p(t)dt < h- / p(t)dt.
0 0
Also
d(mn—lyxn) d(l'n—%mn—l)
<h p(t)dt
0 0
Therefore
d($nyxn+1) d($n727$n71)
p(t)dt < h?- p(t)dt

=]
=]
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Similarly proceeding we get

d(Tn,Tnt1) d(xo,w1)

p(t)dt < h'" - / p(t)dt.

0 0
Taking limit n — 0o, as h < 1 so h"™ — 0, implies
d($"7xn+1)
p(t)dt — 0.
0

Hence {z,} is a Cauchy sequence in complete dg-metric space. So there must exist u € X such that
lim z,, = u.
n—roo
Now to show that wu is a fixed point of T'. Since T is continuous therefore
lim Tz, =Tu = lim a1 =Tu = Tu=u.
n—oo n—oo

Hence u is the fixed point of T'.

Uniqueness: Let u # v are two distinct fixed points of 7' then by (3.2), we have

d? (u,Tw)[14+d(u,v)]

d(u,v) d(Tw,Tv) d(u,v) T ) (14 dCu Ta)]
[owa= [ pwa<ar [ pwass [ 0w
0 0 0 0
d(v,Tv)[1+d2(u,Tu)] d(1L,TU)d2(1L,T1L)
14-d2 (u,v) d(u,v)[d(u,v)+d(v,Tv)] [d(u,TU)er(u,v)]
+- / p(t)dt + p - / p(t)dt 46 - / p(t)dt.
0 0 0
Since u and v are fixed points of T" so the above inequality becomes
2 w, U w,v v,V 2 u,u
d(u,v) d(u,v) dd((u 'U))ll-::i(f'(u u))] « 1-)5;&,1()) 2
p(B)dt < - / p(t)dt + 3 / p(t)dt + - / p(t)dt
0 0 0 0
d(u,v)dQ(u,u)
(w0 [d(u,0)+d(v,0)] [d(u,v)+d(u,v)]
+ - / p(t)dt + ¢ - / p(t)dt.
0 0

Using (3.2), and the fact that u, v are the fixed points of T" one can get
d(u,u) = d(v,v) = 0.

Thus the above inequality take the form

d(u,v) d(u,v)
/ p(t)dt < (v + 26) - / p(t)dt.
0 0

Which is possible only if d(u,v) = 0. Similarly we can show that d(v,u) = 0. Hence v = v. Therefore fixed

point of T" is unique.

0
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Corollary 3.4. Let (X,d) be a complete dg-metric space and T : X — X be a continuous mapping satisfying
the condition

d(Tz,Ty) d(z,y)
/ p(t)dt < a- / p(t)dt
0 0

for all z,y € X and o > 0 with o < 1. Where p : Rt — RT is a Lebesque integrable mapping which is
S

summable on each compact subset of RT, non-negative and such that for any s >0, [ p(t)dt > 0. Then T
0
has a unique fized point in X.

Proof. Putting f =~ = =49 =0, in Theorem 3.1, one can get easily the required result. U

Example 3.5. Let X = [0,1] and the complete dg-metric defined on X is given by d(x,y) = |z| with

self-mapping defined on X is Tz = § and p(t) = % Then

d(Tz,Ty) |5 . 1 L1 d(z,y)
= [ zdt=—=2?<>(=2%) <a. .
/ p(t)dt /2dt 6% <7 <4x ) <a / p(t)dt
0 0 0

Satisfy all the conditions of the Corollary 3.4 for a € [i, 1) having x = 0 is its unique fixed point.

Example 3.6. Let X = [0,1] and the complete dg-metric defined on X is given by d(z,y) = |z|, with
self-mapping defined on X is Tz = £ and p(t) = & for a = %,ﬁ = i,w = %,,u = %,6 = L. Satisfy all the

T
2 -2 12"
conditions of Theorem 3.1 having z =

0 is the unique fixed point of 7T'.

Remark 3.7. By putting different constants equal to zero and p(t) = I (identity mapping) in Theorem 3.1,
we can get different corollaries from the above theorem, which may generalize different theorems in the
literature in the context of dislocated quasi metric spaces.
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